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Membership function is important in fuzzy set theory. In this thesis 
we will discuss the interpretation and the estimation methods of the 
membership functions. Focus is placed on the estimation part. We will 
view the usual estimation methods of the membership functions in a 
statistical way. Moreover, suggestions on the estimation of the 
membership function are given. 
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Chapter 1. Introduction. 
In classical set theory, an element can either belong to a set or not 
belong to a set. Thus a classical set B can be written in the form: 
B = {(X, a.^(x»: X € X} 
B 
where X is the population of the elements and a is a function, called 
B 
the characteristic function, which maps X to {0,1>. When a (x) = 0’ x is 
B 
called not belonging to B; when a (x) 二 1’ x is called belonging to B. 
But there are many examples in real life that classical set theory 
cannot explain. For example, instead of considering a "set of people 
with height greater than 170 cm" which is a classical set, we may want 
to consider the "set of tall people". Then in this case classical set 
theory fails. It is this phenomenon that led to the inception of “fuzzy 
set theory" in 1965 (Zadeh, 1965). Fuzzy set theory is an extension of 
classical set theory. A set is fuzzy when an element can belong partly 
to it, rather than having to belong to it completely or not at all. 
Although we know what is a fuzzy set, there is not a consensus on the 
definition of fuzziness yet. Zadeh and many other researchers conceive 
fuzziness as a nonprobability kind of vagueness. Klir (1985) associates 
fuzziness with the difficulties of making sharp or precise distinctions 
in real life. Hisdal (1986) believes that Klir's interpretation is 
insufficient and suggests a broader defini/tion of fuzziness. She lists 
eleven sources of fuzziness and Klir's interpretation can be viewed as a 
special case of her interpretation. For example, suppose we discuss the 
set of "wealthy man". This set is a fuzzy one because everyone has his 
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own interpretation of "wealthiness". But, suppose everybody agree that 
a man is "wealthy" if and only If he has more than 100 million dollars. 
In Klir's interpretation of fuzziness, the set of "wealthy man" will no 
longer be a fuzzy one. In Hisdal' s interpretation, this set is still a 
fuzzy one becauBe of other sources of fuzziness. For example, the 
subject will make error when he estimates the amount of money that the 
man has and this error makes the set of "wealthy man" a fuzzy one. 
In this thesis, we will consider the fuzziness that due to different 
interpretation of concept and also that due to incomplete information 
about the objects. 
Zadeh (1965) proposed two important items in fuzzy set theory, namely 
the membership function and the many valued operators working in this 
function. In these 30 years, most papers on fuzzy set theory relate to 
the many valued operators. The interpretation and estimation of the 
membership function have not received enough attention. Most researchers 
assume that such function exists and do not try to find out what it is. 
In this thesis， we will discuss the membership function only. In Chapter 
2, we will give a brief review on the fuzzy set theory. Then, in Chapter 
3, we will summarize the views on the membership function by previous 
researchers and discuss their characteristics. In Chapter 4, we will 
summarize the estimation methods of the membership function used by 
previous researchers and discuss each method's characteristics. Then we 
will go over a survey carried out by us and give suggestions to those 
who want to estimate the membership function through a survey. 
2 
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Chapter 2. A Brief Review on the Fuzzy Set Theory. 
In classical set theory, an element either belongs to a set or does 
not belong to a set. However, life is not so simple. We can find many 
phenomena in-rekl life that the classical set theory cannot explain, 
e.g. the set of old men, the set of long lines’ the set of beautiful 
girls, etc. In many cases, it is difficult, or even impossible, to 
determine whether an object belongs to a set or not. Nevertheless, it is 
possible to say to what degree an element belongs to a set. It was the 
above phenomenon that led to the inception of the fuzzy set theory in 
1965. In the following sections, we will introduce the fundamental 
concepts of fuzzy set theory for the preparation of the following 
chapters. 
2.1. The Concept of Fuzzy Set Theory. 
Definition 2.1. Let X denote an universe of discourse. A fuzzy set A in 
X is a set of ordered pairs 
A = { ( X, fx (X) ) : X € X } (2.1) 
A 
where fi is called "the membership function of A" and u (x) is 
A A 
called “the membership value of x in A". 
From the above definition, we know that/ each fuzzy set is defined by 
an universe of discourse and a membership function. Thus two fuzzy sets 
are different if either their universes of discourse or their membership 
functions are different. 
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The range of membership function can take a general structure such as 
a lattice but throughout this thesis’ we will Just assume that the range 
is the closed interval [0,1] as most researchers do. If ^ (x) = 0, x 
A 
does not belong to A completely. If 〜（x) = 1’ x belongs to A 
completely. Any Value between 0 and 1 indicates the degree of belonging 
to A. It is clear that the difference between classical set theory and 
fuzzy set theory is a gradual instead of an abrupt transition from 
membership to nonmembership and we can say fuzzy set theory is an 
extension of classical set theory. We will now consider an example of 
fuzzy set. 
Example 2.1 : Suppose X is the set of population in Hong Kong and A is 
the set of tall man in Hong Kong. Then we may define n (x) as 
A 
.0 if the height of x < 150 cm 
ji r ) = ^ height of X - 150 if the height of x a： 150 cm 
A 30 but ^ 180 cm 
1 if the height of x > 180 cm 
2.2. Fundamental Operations on Fuzzy Sets 
In Section 3.1, we would like to compare the different 
interpretations of membership value. One of the criteria is that: the 
interpretation should be able to apply in / the case of connective, e.g. 
the interpretation still holds for the membership value of fuzzy set 
AnB. We would like to introduce certain basic operations such as union, 
intersection and negation for the preparation of Section 3.1. 
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Definition 2.2. Let A and B be fuzzy sets of X. The membership function 
of the union of A and B, (A u B), is defined as 
〜UB (X) = Max[ ]’ V x € X. 
Definition 2.3. "Let A and B be fuzzy sets of X. The membership function 
of the intersection of A and B’ (A n B), is defined as 
〜⑶ ( x ) = Min [ ^i^(x), ^ig(x) ], V X e X. 
Definition 2.4. Let A be a fuzzy set of X. The membership function of 
negation of A, (A), is defined as 
|i_(x) = 1 - / 1 (X), V X € X. 
A 
The above definitions for union, intersection and negation in fuzzy 
set theory are not urxicrue. Definitions 2.2 - 2.4 were proposed by Zadeh 
i 
(1965) and are the ones most frequently used by the researchers. This 
characteristic of fuzzy set theory posed a lot of criticism (see French 
(1984) and Hisdal (1988)). Some researchers argue that minimum in the 
case of intersection may not explain the matter well. Actually many 
researchers use product instead of minimum in the case of intersection 
(definition 2.3). In Thole et al. (1979), the suitability of minimum 
and product operators for the intersection of fuzzy sets is discussed. 
The authors conclude that neither the prociuct nor the minimum fits the 
data sufficiently well, but the latter is preferred. 
With the above definitions, we note that when the range of the 
membership function becomes {0,1} instead of [0,1], the membership 
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function in fuzzy set becomes the characteristic function in classical 
set theory and definitions 2.2 - 2.4 become the union, intersection and 
negation in classical set theory. 
2.3. Two Approaches to Investigate Fuzzy Set Theory. 
The analysis of fuzzy set theory can be classified into two 
approaches: the "axiomatic" approach and the "semantic" approach. In the 
“axiomatic" approach, the researchers set up a set of "axioms" or a 
formal structure and then theorems are derived from these axioms. Most 
of the papers take this approach. In the "semantic" approach, 
researchers first give an interpretation of membership values. Then 
“axioms" and “laws" are derived from the interpretation and further 
analysis are based on these derived "axioms" and "laws". In probability 
theory； there is also such a classification. In the “ axiomatic" 
approach, axioms are used to define a mathematical structure involving 
concepts such as (r-algebra. In the "semantic" approach, the definition 
and properties of probability are derived from practical concepts such 
as relative frequency. These two approaches are different in nature. 
Sharing the same view with Hisdal (1988), we believe that the second 
approach is more realistic. One of the purposes of fuzzy set theory is 
to deal with different interpretations of/concepts in human's mind. So 
it is better to have a clear interpretation of membership values. In 
this thesis, we will discuss those papers that use the second approach: 
those try to interpret the membership function rather than derive it 
from certain set of "axioms". 
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Chapter 3. The Interpretation of Membership Function. 
In this chapter, we will explore the meaning of the membership value 
in subsections C M • 1 - 3.1.6. In each subsection, we would review and 
discuss a view of membership value. In Section 3.2, we would give our 
views on some items relating to membership value. Before the discussion, 
we would like to emphasize that for every fuzzy set, there are many 
membership functions. In addition to the membership function for each 
subject, there is a "true" membership function. In this thesis we define 
the "true" membership function as the average of all the subjects' 
membership functions. In the following subsections, the term "membership 
function" is used to stand for "subject's membership function". 
3.1. Review and Comparison of the Interpretation of Membership Value. 
The interpretation of membership values has not received enough 
attention. When compared to the total number of papers on fuzzy set 
theory, there are very few published papers which focus on the 
interpretation of membership values. Among these limited number of 
papers , we find the following six interpretations of membership value 
and we will discuss and compare them in tfhe following subsections. In 
order to make the comparison unified, we set up criteria to decide 
whether an interpretation is a good one or not： 
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1) Generality: 
The area of application of the interpretation should be large, i.e. 
the interpretation should be able to apply to all fuzzy sets. 
Moreover the interpretation should be able to apply in the case of 
connective、; e\g. the interpretation still holds for the membership 
value of fuzzy set AnB. 
2) Estimability: 
The interpretation should suggest a corresponding estimation 
procedure. We will show in Section 4.1. the four most frequently used 
methods in the estimation of membership function. It is of interest 
to know whether the interpretation will favor one of the methods and 
whether the interpretation provides other estimation procedures. 
3) Testiability： 
The interpretation's, assumptions, if exist, should be natural and 
testable. 
4) Intuition: 
As fuzzy set theory is used to analyze fuzzy information in real 
life, the interpretation should be intuitive. Moreover the 
operations to find out the membership value should be simple enough 
so that it is reasonable for a human to carry out. 
Besides the above criteria, we are al^o interested in the scale of 
the membership value as we want to know what operations can be applied 
to the membership value. 
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3.1.1. Interpretation in terms of Betting. 
Giles (1982) considered the following interpretation of subjective 
probability: 
••…to assign a probability p to a proposition A means that one 
regards thfe following as a "fair bet": 
If you pay me $p then I will agree to pay you $1 
if A is the case (and nothing otherwise). “ 
Here "fair" means fair to both parties. The expected gain of both 
sides of the bet are zero. Then he followed this approach and gave a 
corresponding interpretation of membership value. For any fuzzy concept, 
he linked it with a test-procedure for the object which has two possible 
outcomes: passes the test or not. For example, for the membership value 
of certain glass to the set "unbreakable glass", one possible 
test-procedure is , 
« ' # 
"Drop the glass from a height of 5 ft onto a wooden floor; if it 
breaks the outcome is no and the outcome is yes if it does not 
break." 
After the test-procedure is defined, the meaning of the membership value 
fi^(x) is that the subject agrees that the following is a "fair bet": 
"If you pay me $ jbi^ (x) then I will agree to pay you 浓 1 if the 
test-procedure gives outcome "yes"". 
Thus the assignment of membership vali/es becomes simply a special 
case of the assignment of a subjective probability. 
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After the introduction of this interpretation, we would like to 
discuss how this interpretation related to the above four criteria: 
1) This interpretation applies to most of the fuzzy set. As for any 
fuzzy set, we can find a suitable test and find the corresponding 
"fair bet".-But there are some cases that this interpretation fails. 
Suppose we ask a subject to assign his degree of agreement with an 
attitudinal statement. It is difficult to imagine that the subject 
bet with oneself on his own degree of agreement with the statement in 
a "fair bet". In the case of connective, this interpretation leads to 
the following problem: 
Under this interpretation, k r\ k * A, For example, when the set is 
the set of "breakable glass" and the test procedure is the one shown 
above. When we consider A n A, we need to do the test twice and we 
assign a positive outgome only if the glass breaks on neither test. 
Obvibusly it is equivalent to a harder test than that of A. In other 
words, A n A * A under this interpretation. This phenomenon raises 
the following question: "Which identity in the classical set theory 
will remain to be valid in fuzzy set theory ？” As stated above, one 
of the purpose of fuzzy set theory is to deal with different 
interpretations of concepts in human's mind. So we may ask ourselves 
whether ArvA = A should be true. For example, if John said, "Mary is 
beautiful.“ twice, should we think that At carries different meaning 
from that if John said "Mary is beautiful" only once. 
2) The assignment of membership values is simply a special case of the 
assignment of a subjective probability. By this subjective nature of 
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the interpretation, direct rating (see section 4.1.1. and 4.2.1.1.) 
is the most suitable estimation method for the membership function. 
3) This interpretation has assumed that for any fuzzy set, there is a 
corresponding test. This assumption is very weak and so it will hold 
in most of.、、th6 cases. 
4) Using betting to describe membership values is intuitive as 
membership values resemble subjective probability. As mentioned 
above, Giles uses betting in his interpretation to avoid 
clarifying how the membership value is actually computed. 
5) As the membership value is interpreted as a kind of subjective 
probability, it is on ratio scale. 
According to this interpretation, each subject has his own test. It 
introduces the fuzziness.. If the test is specified and all subjects know 
the test, then it will be a problem of subjective probability. Thus we 
can view fuzzy set theory as an extension of subjective probability. 
3.1.2. Interpretation in terras of Payoff Function. 
Giles (1988) stated that "property" and "set" are equivalent and so 
“fuzzy set" can be explained by ”fuzzy property". Then membership value 
can be viewed as a measure of the "degree of possession" of the 
corresponding property. Then he related thl^s concept with the "degree of 
truth" of a fuzzy sentence. For example, the membership value of John to 
the set "tall man" is equal to the "degree of truth" of the fuzzy 
sentence “ John is a tall man". As the principal function of a fuzzy 
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sentence is to transmit a "degree of belief" and a "degree of belief" is 
simply a subjective form of a "degree of truth", discussion of "degree 
of truth" is equivalent to discussion of "degree of belief". Moreover as 
the practical-fuhction of a sentence is to be asserted, Giles consider 
an assertion rather than a sentence. For a fuzzy sentence, subjects may 
have various degrees of willingness to assert it; indeed, the degree of 
willingness may be related to the "degree of belief" of the sentence. 
Assert a fuzzy sentence or not is a general problem in decision theory. 
Thus Giles introduced payoff function in decision theory to interpret 
the membership value. 
Definition: A payoff function u(B,w) gives the utility of the outcome 
determined by any act B ,and world state w. 
i 
If the decision problem is a trivial one that has only one act, the 
payoff function will be a function of the state only. In this case, we 
denote the payoff function as a(w) where w is the world state. The 
relation between assertion and payoff function is : 
"If we define the meaning of an assertion as the information 
necessary and sufficient, in conjunction with an agent's beliefs 
about the world state, to allow the ager(t to decide whether or not 
to assert the sentence, then the meaning of an assertion is given 
by its payoff function.” 
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Definition： For each assertion a, let [a . a ] be the smallest 
mln max 
closed interval that contains every payoff value attained by a. A simple 
assertion is an assertion whose payoff a(w) takes only two values as w 
ranges over the set n of all (pure) world states. 
Of course, the two payoff values for a simple assertion are a and 
max 
a^in. We say that the assertion holds or is true in the state w if a(w) 
= a and does not hold or is false if a(w) = a . Although the payoff 
max min 
of a simple assertion for a pure state is either a or a , it may 
min max 
take intermediate values in the case of a mixed state. 
If a = 0 and a = 1 , then a simple assertion is called a 
min max 
standardized assertion. The relation between the truth value of a 
sentence and the payoff for a standardized assertion of this sentence 
can be summarized as follows: 
"In'any world state (pure or mixed) the truth value of a sentence 
(fuzzy or not) coincides with the payoff for a standardized 
assertion of this sentence.” 
He related the membership value and the above terms as follow： 
"For any object x in X the membership value of x is the truth 
value of the fuzzy sentence P(x), "x has property P__; or, 
equivalently, it is the payoff for a standardized assertion of 
this sentence." /' 
After the introduction of this interpretation, we would like to 
discuss how this interpretation is related to the above four criteria: 
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1) This interpretation applies to all of the fuzzy set. For any fuzzy 
set, we can find the corresponding assertion. Then we transform the 
assertion to a standardized assertion. The payoff function of this 
standardized assertion is the membership value. In the case of 
connective,-this interpretation faces a problem： 
Giles interprets membership values as truth value of fuzzy sentences 
but the max-min laws of disjunction and conjunction for truth 
functions cannot hold generally. For example, the truth values of "it 
will rain today" and "it will not rain today" may be 0.3 and 0.7 
respectively, but the truth value of the disjunction of these 
sentences is surely 1. Giles does not view this inconsistency with 
the max-min laws as a problem. It is because the interpretation is in 
terms of a payoff function, whose values are real numbers. But 
characteristic functiqn only has values zero and one. Thus there is 
no question of a connective for assertions "reducing in the classical 
case to one of the connective of classical set", and therefore there 
is no need to seek generalizations of the connective in classical set 
theory. Giles (1988) discussed how the assertions can be combined and 
concluded that linear connective can be applied in this kind of 
membership values. 
2) He has suggested a method to estimate the payoff function of the 
subject for the assertion ”John is tall"/. He first asked the subject 
to decide the least height he would describe as tall. Then he asked 
the subject to decide other negative / positive payoff values by 
offering bribe / penalty. 
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3) This interpretation has assumed that for any fuzzy set, there is a 
corresponding assertion and payoff function. This assumption is very 
weak and so it will hold in most of the cases. 
4) This interpretation differs from the first interpretation that it 
uses a payoff function rather than a bet to deal with the numeric 
representation of membership. As mention above, Giles uses payoff 
function in his interpretation and so what he need to do is the 
estimation of the payoff function. He has given suggestions on the 
determination of the payoff function of the assertion "John is tall". 
5) The interpretation is in terms of the payoff function of an 
standardized assertion. In this case, a natural zero is defined and 
so it is on the ratio scale. 
In this interpretation^ fuzziness is due to the difference of payoff 
function'between subjects. 
3.1.3. Interpretation in terms of Amount of Relevant Attribute. 
Orlovski (1990) viewed a fuzzy set as a collection of objects showing 
a common property. This property itself is defined as decomposable and 
is represented by a set of elementary properties that objects may have 
or not have. In order to quantify the relative importance of different 
collections of elementary properties with /espect to the decomposable 
property in question, he has used a set function which he refers to as 
"pseudomeasure". Then the membership value of an object can be 
15 
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interpreted as relative powers (or relative importance) of collections 
of elementary properties that the object has. 
Mabuchi (1992) supposed that we can gather a set of all the reference 
items u(x) or grounds, referred as a ground set relevant to the 
Judgment of whetKfer the given element x belongs to the fuzzy set A or 
not. Moreover there is a set of affirmative evidence grounds A 
e 
supporting X€A. He supposed that the ground sets are all finite. For 
example, when the universe of discourse is all human beings, A is the 
set of "old people", then the ground set may be a set of attributes that 
characterize "old". With the ground set, the membership value is 
determined by relative weight, or simply the relative size, of A with 
e 
respect to that of G^(x). In order to facilitate the discussion of later 
sections, especially the section of set operators, Mabuchi interprets 
the membership functior; as a conditional probability P(A x), a 
conditibnal probability of A given x. 
After the introduction of this interpretation, we would like to 
discuss how this interpretation related to the above four criteria: 
1) This interpretation is general enough that it can be applied in all 
fuzzy set. As Mabuchi (1992) interprets membership value of x to the 
set A as a conditional probability P(A|x), the max-min laws for 
disjunction and conjunction generally f/il. Mabuchi has derived the 
corresponding connectives under his interpretation which is very 
similar to the connectives in probability theory. 
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2) This interpretation provides a corresponding estimation method. 
Mabuchi has given suggestion on how to determine the ground set. As 
the elements in the ground set may not carry the same weight in the 
determination of membership value, Mabuchi proposes to use a weight 
function to-solve this problem. But he has not given any suggestion 
or guideline on how to choose this weight function and so the 
estimation procedure is not complete. 
3) This interpretation assumes that for any fuzzy set, we can find a 
corresponding ground set. 
4) This interpretation is intuitive and the computation of the 
membership value is easy with given ground set and weight function. 
5) As it is in terms of conditional probability, the membership value is 
on the ratio scale. 
In Mabuchi ’s interpretation, the ground set and the weight of 
elements in the ground set are both unknown to the subjects. Each 
subject has his estimated ones. It is the source of fuzziness. 
3.1.4. Interpretation in terms of the TEE Model. 
Hisdal (1986(a), 1986(b), 1988) introduced a "TEE-model" which tries 
to establish clear meaning of the membership value concept. She has 
listed fourteen sources of fuzziness in th^ above papers. She concerned 
the case when only the first source of fuzziness exists and all the 
other ones do not exist. The first source of fuzziness is due to the 
subject* s recognition that under non-exact conditions of observation, a 
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person may make errors in the estimation of the attribute values of 
objects. In this model, three different types of experiments are 
mentioned, namely: 
1) LB (or labelling) experiments 
2) YN (or yes-n6) experiments 
3) MU (or grade of membership) experiments. 
The LB experiment corresponds to the assignment of certain label to 
an object, e.g., John is "tall"; and the YN experiment corresponds to 
the answering of a question by "Yes" or "No" , e.g. "Is John tall?" . In a 
MU experiment, the subjects are required to give a membership value 
fXA(x) € [0,1] to an object concerning label A. Then she proposed three 
assumptions on the TEE models: 
First Assumption of the TEE model. 
A subject who perform? a LB, YN or MU experiment estimate the 
object's attribute value u*^, and use the estimated attribute 
value u to estimate the membership value, u is equal to u®* in an 
exact experiment. 
Second Assumption of the TEE model. 
When a subject performs a YN experiment under exact or nonexact 
conditions of observation, for each label 入 € A he sets a lower 
and upper threshold, u、，and u. respectively in the universe of 
A1 Au 
attribute values. He gives a Yes answer /to the object concerning 
the label X when the object's u value falls in between the two 
thresholds and gives a No answer when u falls outside the two 
thresholds. For exact conditions u = u . 
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Third Assumption of the TEE model. 
When a subject performs a MU experiment under exact conditions of 
observation, he puts himself into the situation of an observation 
under nonexact conditions. Thus he knows that he will make 
measurement erroY of the object's attribute. Then he takes account 
of this knowledge by constructing an estimated error curve of the 
attribute. Then his grade of membership curve is his estimate of 
the modification of his nonfuzzy LB or YN threshold curve by the 
error curve. 
For example, suppose that for the fuzzy set "tall man", a subject has 
his nonfuzzy lower threshold u^^, say 170 cm, i.e. he will consider a 
man with height greater than 170 cm as a "tall" man. Suppose there is a 
man with height 175 cm. •Then with the corresponding estimated error 
curve of height, the membership value of this man to the set “tall" man 
is the probability that the estimated height will be greater than the 
lower threshold 170 cm. 
ex 
Therefore, this model interprets a membership value ) assigned 
by a subject to an object of attribute value u®* as his estimate of the 
probability that the label A would be assigned to that object in an LB 
or YN experiment; e.g. by himself under nonexact conditions of 
observation; or by another subject. / 
After the introduction of this interpretation, we would like to 
discuss how this interpretation related to the above four criteria： 
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1) This interpretation can apply to most of the fuzzy set as it is in 
terms of some conditional probability. As the interpretation is in 
terms of probability, the max-min laws for connective do not satisfy 
in this case. Hisdal has derived the corresponding connective for her 
model. For exatnple, the membership value of the conjunction of two 
fuzzy set A and B is given by their product instead of their minimum 
“AnB(U, =、 ( U、 B ( U e x ) . 
2) If we assume that the only source of fuzziness is measurement error, 
then we can find a corresponding estimation procedure. We may ask the 
subjects questions to estimate the threshold curve and the error 
curve for any fuzzy set A. 
3) This interpretation needs the three assumptions stated above. These 
three assumptions are reasonable. 
4) This interpretation .is Intuitive as it is in terms of some 
conditional probability. 
5) As it is in terms of conditional probability, the membership value is 
on the ratio scale. 
3.1.5. Interpretation in terms of a Measurement Model. 
Norwich and Turksen (1984) and Turksen (1991) proposed a measurement 
model for fuzziness when the universe of discourse has an associated 
physical continuum. They used the result in ikrantz et al. (1971) to give 
an interpretation of membership value. They defined the following terms 
which are necessary for the Representation Theorem and the Uniqueness 
Theorem: 
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Definition: Let X be a set and ^ be a binary relation on X. i e. ^ is 
A A 
a subset of X x X. Then > is called a weak order in X if 
A 
1) for any x , x € X, either x. a： x or x 2： x ； and 
i J I A J j A 1' 
2) for any x , x , ^x. € X, x 2： x. and x. 2： x will imply x 2： x . 
^ J * i A J j A k i A k 
Definition: Given a universe of discourse X, define a weak order in 
X, so that 
^ for Xi’ x^ € X 
if an observer Judges that “ x is at least as A as x is" or "it is 
1 2 
at least as true that x, is A as it is that x is A" or “ x is at least 
1 2 1 
as large as x with respect to being A" or ” x is A-er than x The 
2 1 2 
system {X, defined above will be called a "multivalued membership 
structure". , 
t 
Definition: A multivalued membership structure {X, is called 
”bounded" if there exist elements x and x in X such that x ^ x 
M m M A 
and X 2： X for all x € X. 
A m 
The above definitions are suitable for comparison of x’ s in X. In 
order to strength the scale of the membership, Krantz et al. (1971) 
consider that the subjects are able, in geneVal, to compare any pair of 
intervals specified by a total of four points in X in order to establish 
a weak-order of intervals in X. For example, suppose a subject states 
that X is at least as A as x (i.e. x has at least as much membership 
2 1 2 
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in the set A as x does) and that x^ is at least as A as x (i.e. x has 
1 4 3 4 
at least as much membership in the set A as x does). Furthermore, 
suppose he states that the increase in being A from x to x is at least 
1 2 
as large as that from x^ to x^, i.e. x^ is A-er than x^ by at least as 
much as x^ is A-eY than x^ or, equivalently, the gain in membership in 
the set A from x to x is at least as large as that from x to x or, 
3 4 
equivalently, x , s membership exceeds x ,s by at least as much as x , s 
d 1 4 
exceeds x^' s. The above comparison considers about intervals in X, and 
may be denoted by： 
V S n V S V Xi, x^, X3, X4 € X. 
Definition: For a bounded, multivalued membership structure {X, if 
there exists an ordering ^^ on X x X such that 
X x^ St* X X X , X , X , X € X 
2 1 A 4 3 ... • 1 ' 2 , 3* 4 
means x^ 2： x^ by at least as much as x 2= x . Then this bounded, 
2 A 1 4 A 3 
multivalued membership structure {X, 2： > will be called 
A 
"difference-comparable" and denoted by {X x X, }. 
A 
From Krantz et al. (1971), we know that if a difference-comparable, 
bounded, multivalued membership structure satisfies the following five 
axioms, then it forms an “algebraic-difference structure": 
Axiom 1: {X X X ,、 } is a weak-order/' 
Axiom 2: If X X, 2：； X x^, then x x 乏’ x x . 
2 1 A 4 3 3 4 A 1 2 
Axiom 3: If X X , 乏 : X x^ and x x x x , then x x 2：' x x . 
2 1 A 5 4 3 2 A 6 5 j 1 A 5 4 
Axiom 4: If X X 2：, X x^ x x^, then there exist x , x € X 
2 1 A 4 3 A 1 5 o I 
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such that X x >' x x x x . 
6 1 A 4 3 A 2 7 
Axioms: Suppose x x 〜、x x^ whenever x x 2：' x x and x x >, 
i J A k l 1 J A k 1 k 1 A 
X X and x x >' x x whenever x x, s：' x x and not x x 
* J i J A k l 1 J A k 1 i j 
〜i W If x^, . . . , x^, . . . is a strictly bounded 
…、standard sequence (i.e. x x 〜’ x x for every x x 
i+i i A 2 1 i， i+l 
in the sequence; not x x^ 〜；x x ； and there exist x, 
2 1 A 1 1 i 
and x" € X such that x"x’ >, x x >, x,x" for all x in 
1 i 1 A 1 1 A i i i 
the sequence), then this sequence is finite. 
Representation Theorem. Let X be a set which is order-dense with {X, 
a difference-comparable, bounded multi-valued membership structure 
such that {X x X, is an algebraic-difference structure. Then there 
exists a bounded, real-valued function denoted by 〜 o n X such that, for 
all X， x , X ,x € X: . 
1 2 3 4 
” a ( V ⑶ 1) 
and x ^ x ^、 X 4 X 3 o _ 〜(Xi) ^ 仇） - M / x ^ ) . (3.2) 
Note that, in this case, the weak ordering 〜 i s implicit in the weak 
ordering . For x x 之’ x x , then (3.2) implies that 
A 2 1 A 3 3 
仇 ） 一 ^ -
so that n (x ) ^ n (x ) which, by (3.1), means that x^ 之• x . 
A 2 A 1 2 A 1 
I 
Uniqueness Theorem. With the same conditions in the above theorem, if 
u*(x) is another function satisfying (3.1) and (3.2)’ then /i*(x)= 
A A 
c fJL (x) + c , where c > 0. 
1 A 2 1 
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Thus the interpretation of the membership value is as follow: 
For any fuzzy set, if we can find a corresponding ordering, we can 
determine the membership function up to a linear transformation. 
After the introduction of this interpretation’ we would like to 
discuss how this interpretation related to the above four criteria: 
1) This interpretation is not general enough because it requires the 
membership structure to be "bounded" and this restricts the 
application of this interpretation. Norwich and Turksen (1984) used 
"scale invariance" to decide whether any operation on one or more 
membership values to be meaningful. For example, they showed that in 
the case of conjunction, minimum operator will be scale invariance 
while product operator will not. 
2) Norwich and Turksen has not provided an estimation procedure 
corresponding to his interpretation. But we have found an interesting 
characteristic of this interpretation. Let us consider the set of 
“tall people". For this set, "x ^ x “ is equivalent to "x is 
2 tall 1 2 
taller than x^" and which is equivalent to "height of x^ ^  height of 
X _•. Moreover "x x 2：' x x " is equivalent to "x is taller than x, 
1 2 1 tall 4 3 2 1 
by at least as much as x^ is taller than x^" and which is equivalent 
to "height of X - height of x ^ he/ght of x^ - height of x : . 
2 1 4 3 
Without loss of generality, we assume that the height of people is a 
bounded concept. Moreover if we define u (x) = height of x, then 
tdl 1 




乏 t a u X i • Mt孜 11(乂2)乏〜au(xi) and 
< a l l \ 父 3 - - "taii(Xi) ^ 一 " ^ ^ ” ( 乂 ] ) . 
Thus by the Uniqueness theorem, the membership function u* (x) 
tal 1 
should relate to u (x) by 
严tall 】 
心 = c A a U ( x ) + V where c^ > 0 
Therefore the membership function is a linear function of height in 
this case. 
3) The assumption of boundedness is natural but it reduces the 
generality of this interpretation. Moreover, this assumption can be 
tested easily. We can ask the subjects to check whether the attribute 
is bounded or not. Besides the assumption of boundedness, the 
algebraic-difference structure needs to satisfy five axioms in order 
for the Representation Theorem holds. The test of the axioms is 
simple (see Wallsten et al. (1986)). 
4) This interpretation is based on mathematical theory, so that this 
criteria may not be applicable to this interpretation. 
5) From the Uniqueness Theorem, it is obvious that the membership value 
is at least on an interval scale. 
This interpretation implies that the source of fuzziness is that 
every subject has his ordering. 广 
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3.1.6. Interpretation in terms of Prototype Theory. 
Osherson and Smith (1981’ 1982) and Smithson (1986) discussed a 
theory called "prototype theory". This theory can be used to interpret 
the membership value in fuzzy set theory. According to prototype theory, 
many concepts can" be represented in the form <A, d’ p, c> where 
A is a set of readily envisionable objects (real or imagined) called 
a conceptual domain; 
d is a function from A x A into the positive real numbers, called a 
distance metric; 
p is a member of A, called the concept's prototype; and 
c is a function from A into [0,1], called the concept's 
characteristics function. 
Moreover we need the following two conditions hold: 
Condition 1 <A,d> is ^ metric space, i.e., 
‘ (V X € A)(V y € A) 
d(x,y) = 0 if and only if x = y (3.3) 
d(x,y) = d(y.x) (3.4) 
d(x,y) + d(y’z) 2： d(x’z) (3.5) 
Condition 2 (V x € A)(V y € A) 
d(x.p) d(y,p) c(y) ^ c(x). (3.6) 
The second condition requires that the closer an object is to its 
prototype, the more characteristics it is 。• the concept. 
It is obvious that the prototype theory relates to the fuzzy set 
theory with characteristic function be viewed as the membership 
function. In this case the membership function is interpreted as the 
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function which measure the difference between the object and the 
prototype. 
After the introduction of this interpretation, we would like to 
discuss how this interpretation related to the above four criteria: 
1) The interpretation is general enough that we can apply it to most 
fuzzy sets. But there are some problems in this interpretation. 
Osherson and Smith (1981) have shown that the prototype theory in 
conjunction with max-min laws for connective in fuzzy set theory 
contradicts strong intuitions that we have about concepts. They 
discuss this problem in three areas: 
a) when an object is more prototypical of a conjunction than of its 
constituents, the minimum operator for conjunction will lead to a 
contradiction, , 
b) when we consider logically empty or logically universal concepts, 
the maximum operator for disjunction and the minimum operator for 
conjunction will lead to a contradiction, 
c) the maximum operator for disjunction will lead to a contradiction. 
Besides the max-min laws, we may define the conjunction and 
disjunction as: 
c (X) = c j x ) c (x) 
AHB A B 
C (X) = C (X) + c (x) - c (x) cAx).f 
AWB A B A B 
We can show that the above contradictions, except the third one, 
still exist. 
2) This interpretation does not correspond to any estimation procedure 
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as there is no specification of the determination of the functions c 
and d. 
3) The only assumption in this interpretation is that the existence of 
the distance metric and the characteristic function. Note that there 
is no need to ^ assume the existence of the prototype as the prototype 
can be imaginary. Moreover, if we interpret fuzzy set theory in terms 
of prototype theory, the restrictions on the function d may be 
relaxed. For example, d needs not be a metric and it only needs to be 
a function measuring the "distance" from the prototype. 
4) This interpretation is intuitive but we do not know membership value 
as the functions c and d are not determined. The determination of c 
and d can be arbitrary when we discuss one fuzzy set. But when we 
discuss two fuzzy sets A and B in case of connective, the 
determination of the .corresponding c^, c^, d^ and 〜 m a y not be so 
arbitrary. For example, suppose we use minimum operator for the 
conjunction connective. For C = A n B, the corresponding c of C will 
be equal to 
c(x) = Min [c (X), c (x)]. 
1 2 
Moreover, we need c (x) = g (d (x)) and c (x) = g (d (x)) where g 
1 1 1 2 2 2 1 
and g are some strictly decreasing functions, d and d are some 2 1 2 
functions measuring the "distance" of x from the corresponding 
prototype. If g = g — then c(x) = blin [g (d (x)), g (d ( x ) ) ] = 
1 2 1 1 1 ^ 
g (d (x)) where d (x) = Max [d (x), d (x)]. In such definition, d 
1 3 3 1 2 
may not be a distance metric because we can show that (3.5) may not 
hold in some cases. Thus, in case of minimum, the determination of d^ 
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and d is not arbitrary. If we want d to be a distance metric, d 
^ 3 * 1 
and d^ must satisfy: 
di(x,y) ^ d^(x,y) V x,y or 
di(x’y) :s d^Cx.y) V x,y. 
.… 、-
The sources of fuzziness of this interpretation are that subjects may 
have different prototypes, different distance metric and different 
characteristic functions. 
In the above sections, we have summarized the views on the membership 
values by different researchers and made a discussion. From the above 
review, we note the following point about interpretations: 
"some of the interpretations are in terms of probability (usually 
subjective probability).“ 
It Is natural as membership function resembles a lot as probability: 
both are between 0 and 1,丨 both of them are used to quantify some belief, 
etc. Actually the question "whether membership values are probabilities" 
is raised since the appearance of fuzzy set theory and we will discuss 
this problem in Section 3.2. 
3.2. Discussion about Membership Function. 
r 
We will discuss some questions about membership value, namely 
1) Is grade of membership value probabilities? 
2) What is the scale of membership value? 
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1) Ever since the inception of fuzzy set theory, a debate exists on 
whether fuzziness is equivalent to randomness and whether membership 
function is equivalent to probability function. The researchers, 
little by- little, distinguished fuzziness from randomness 
conceptually and mathematically. The difference between probability 
theory and fuzzy set theory became clear when Zadeh (1978) proposed 
possibility theory: 
"For any fuzzy set A, there will be a concept S correspond to 
A. (sometimes A is equal to S) S may be considered as a 
variable on a set T. For example, for the fuzzy set ”tall man" 
A, there is a concept "tallness" S which may be considered as a 
variable on the real line T. Every number in the real line 
(corresponds to thp height) may be assigned a membership value 
in S. Those membership values act as a fuzzy restriction on T 
which may be included in S. In this case, we says S induces a 
possibility distribution on T such that for each x€T, the 
statement "x is S" has a possibility value p^(x).“ 
In many cases, there are utterances which seem to involve 
possibility but can be interpreted in a probability approach. For 
example, "It is quite possible that John will be promoted". But there 
are also some uncertainties that can /be interpreted in terms of 
possibility but not probability. For example, the possibility that 
John will take a job at Happy Factory is 0 if Happy Factory does not 
exist. The possibility may increase slightly if there is such a Happy 
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Factory and might increase to 1 if John is made an offer of a Job at 
Happy Factory. But we do not know the probability that John will take 
a Job at this factory when we allow John to choose it freely. Thus we 
know that possibility and probability are different. However many 
researchers^ h^ve raised the questions on the similarities between 
probability theory and possibility theory. Natvig (1983) showed that 
a possibility distribution can be, at least in some applications, 
interpreted as a family of probabilities (usually subjective). 
Civanlar and Trussell (1986) gave a guideline to construct the 
membership functions for fuzzy sets whose elements have an attribute 
with a known probability density function (pdf) in the universe of 
discourse. Bordley (1989) gave three probabilistic models in which 
probability functions act like membership functions. So it is 
natural to ask what .is the relation between fuzzy set theory and 
probability theory, even if they are different. 
We know that the analysis of probability can be roughly divided in 
two approaches: one with a frequentist basis for estimating 
probabilities of events and the other one uses subjective 
probability. When we viewed randomness in the first approach, we can 
easily show the difference between fuzziness and randomness. For 
example, the outcome of tossing a coin/is a problem of randomness, 
and there is no fuzziness related to this case. But the difference 
between fuzziness and subjective probability is not so obvious. 
Membership function measures degree of belonging and subjective 
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probability measures degree of belief. These two quantities resemble 
a lot. Actually some researchers interpret membership value through a 
betting procedure (Giles, 1982), which is a usual practice in 
subjective probability. However, when a subject is asked to assign 
his or her-decree of agreement with an attitudinal statement, it is 
not natural to consider it as a betting procedure. Moreover, with the 
reason in section 3.1.1, sometimes we can view fuzzy set theory as an 
extension of subjective probability. Thus subjective probability and 
fuzziness probably are not the same thing. However, as the 
probability theory and possibility theory resemble a lot, perhaps we 
would use the results in probability theory to develop results in 
fuzzy set theory. 
2) For the scale of the membership value, we believe that it depends 
on the interpretations of membership value. For example, Turksen 
(1991) claimed interval scale for membership value and Saaty (1974, 
1986) claimed ratio scale. It is because their interpretations of 
membership value are different. 
I' 
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Chapter 4. Estimation of the Membership Function. 
As stated above, each person has his own membership function, and we 
have assumed that there is a "true" membership function, which is the 
average of all subjects, the membership functions. In a survey, only a 
part of the population is chosen. Thus their membership functions can 
only be used to estimate the "true" membership function. In this 
chapter, we would like to discuss the estimation of the "true" 
membership function based on the membership functions of m subjects. 
This chapter will be divided into five sections. In Section 4.1, we 
summarize the four data collection methods that are currently used in 
the estimation of the "true" membership value. We will investigate what 
information we can get , from these methods in order to estimate the 
"true" ‘membership value. In Section 4.2, we discuss the estimation 
procedures for the "true" membership values based on the data obtained 
by the four data collection methods and discuss their characteristics. 
In Section 4.3, we would like to point out the connections between the 
four data collection methods. In Section 4.4, we introduce some other 
estimation procedures besides those in Section 4.2. In Section 4.5, we 
discuss a survey carried out by us and some advice would be given to the 
researchers about what they need to take ca^e in conducting their survey 
or experiment. 
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4.1. The Data Collection Methods for the Estimation of Membership 
Function. 
Suppose we have a universe of discourse X and a fuzzy set A. We 
would like to estimate u (x), the "true" membership value of x to the 
A 
fuzzy set A based、on the membership values of x of m subjects (x), i 
= 1 , . ..,m. In current literatures, there are four data collection 
methods for estimation of the membership value, namely direct rating, 
polling, set-valued statistics and reverse rating. 
4.1.1. Direct Rating. 
The researcher will show a x € X to each of the m subjects, and the 
subjects are required to give the membership value of this x to the 
fuzzy set A. For example, the researcher may ask the subject "What is 
the membership value of this man to the set "tall man"?". Thus what we 
get is the estimate of the membership value of each subject in the 
A 
survey, (x), i=l,. . . ,m. 
4.1.2. Polling. 
The researcher will show a x € X to the subjects and ask each of them 
to decide whether this x is a member of the set A or not. Each subject 
is required to give a "yes" or "no" answer. In this case, we get a "yes" 
or ”no" answer from each subject. But how does this answer relate with 
the membership value 〜 ⑷ ？ We make the assumption that the 产 subject 
will give a "yes" answer if, and only if m^^(x) ^ 0.5. This assumption 
is reasonable when there are only two possible classifications, A or not 
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A, to describe the fuzzy set. Thus, under this assumption, we know which 
is greater than 0.5 in the survey by the polling method. 
4.1.3. Set-valued Statistics. 
The researcher、asks each of the m subjects to give a subset A” of X 
which he think corresponds to the fuzzy set A. Then for any x 6 X, 
whether x is in A ” is precise. But how do this answer relates with the 
membership value fi (x)? We think that the relation between these A ,s 
Ai 
and the subject's membership values is that: 
= {x € X: I^Ai(x)乏 a J € [0,1]}’ i.e. k” is the a「level set. 
Thus, what we get are the subjects, s a-level sets, with a unknown. 
However, when there are only two possible classifications, A or not A, 
to describe the set A, it is reasonable to think that a « 0.5. Thus what 
we obtain from the m sMbJects are m subsets of X. Each of these m 
subsets ‘ contains x€X such that the corresponding membership value is 
larger than 0.5. It seems that the information obtained by set-valued 
statistics is more than that from polling. 
4.1.4. Reverse Rating. 
The researcher will select a membership value y € [0,1] and ask each 
of the m subjects to identify which x € X will have this membership 
value in the fuzzy set A, i.e. find x € X厂such that 〜 ⑷ = y for a 
given y € [0,1]. Normally the subject is randomly presented the same y a 
reasonable number of times in between the other random presentation of 
y € [0,1] in order to avoid memorization. Then his answers are averaged 
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and used as the estimate of x. Thus in this case, we get an estimate of 
A A 
X, X, such that fi^j(x) = y. Thus what we obtain is m subsets of X from 
the m subjects, each of these m subsets contains x € X such that the 
corresponding membership value is equal to y. It seems that the 
information from、 reverse rating is more than that from set-valued 
statistics in most cases. 
4.2. Estimation Procedures for the Membership Function and Their 
Characteristics. 
In order to estimate the "true" membership function, we use the data 
obtained from either of the above four data collection methods. There 
are two classes of estimation procedures to estimate the “true" 
membership function, namely "nonparametric" estimation procedures and 
"parametric" estimation procedures. For the first class, researchers use 
the data from either of the above four data collection methods to 
estimate the “true" membership values without making any assumptions on 
the “true" membership function. In the second class, we have to make 
certain assumptions on the "true" membership function. We will discuss 
two types of assumptions: the first type is that we assume a 
mathematical form of the membership function and the second type is that 
we assume the "true" membership values follow a certain statistical 
distribution. In the first type, most of the mathematical form depends 
on several parameters and what researchers need to do is the estimation 
of the parameters based on the data. In the second type, we will need to 
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I 
estimate the parameters in the distribution in order to estimate the 
"true" membership value. Moreover, we will summarize the work of Cai 
(1993) who estimates membership value based on assumptions different 
from the above two types. 
4.2.1. Nonparametric Estimation Procedures. 
After we have collected data from each of the above four methods, we 
can estimate the "true" membership values as follows: 
4.2.1.1. Direct Rating. 
For any fixed x € X, we have a random sample n (x),...’ u (x) 
Al Am 
which are the membership values of x to the fuzzy set A assigned by the 
m subjects. This sample is a random sample from a certain distribution 
with (x)) = . Thus a usual and reasonable estimator of fi^(x) 
Is the mean of this sampler 
i 
4.2.1.2. Polling. 
For any x € X, we have a random sample of y ,...y where y，s are 
1 m i 
random variables with value either zero or one. Y^ = 1 means that the 
ith subject classifies x to the fuzzy set A; while Y^ = 0 means that x 
is not classified to A. In usual practice, we use the average of these 
Y ’ s as an estimate of (x). 
i A / 
4.2.1.3. Set-valued Statistics. 
For any fuzzy set A, we have a random sample A ,. . . , A where each of 
1 m 
the k,、s is a classical subset of X such that the 产 subject think that 
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it corresponds to A. For any x € X, the estimated "true" membership 
value of X to the fuzzy set A is defined as the frequency of X in A^, 
i.e. 
八 the number of times of 'x € A, 
“ (X) s —————— 
A m 
For example, in order to estimate the "true" membership function of the 
fuzzy set "young man", Zhang (1981) asked 129 subjects to give an 
interval of age that they believe correspond to the set "young man". For 
any age x € X, the estimate of the membership value of x to the set 
"young man" is equal to (total number of intervals that include x)/129. 
4.2.1.4. Reverse Rating. 
For any fixed y € [0,1], we have a random sample of x ,…’x which 
1 m 
are the values such tjiat fi (x^) = y where jii is the membership 
Ai 1 Ai 
th 
function of the i subject, i = l,...,m. The usual practice is to take 
the mean of these x^'s, x, to be an estimate of the value x, such that 
|lIa(x) = y. 
4.2.2. The Characteristics of the Non-parametric Estimation Procedures. 
4.2.2.1. Direct Rating. 
This method is the most intuitive one when we believe that the 
determination of membership value is subjective in nature. Besides this 
advantage, this method needs no computation to obtain the membership 
value except taking average. However taking average is easily affected 
by unusual value. Among these four nonparametric estimation procedure, 
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it is reasonable to believe that this estimation procedure is the most 
reliable one. 
4.2.2.2. Polling. 
The subjects ban make the decision easily for this estimation 
procedure. Moreover the computation of the membership values is easy. 
But a disadvantage is that, we need a rather large number of subjects so 
that the resulting membership values are more stable. Besides this, from 
past result, we know that the fuzzy region of the membership function by 
polling is smaller from that by direct rating. It seems that these two 
methods are not estimating the same thing. We will try to give an 
explanation in section 4.3.1. 
4.2.2.3. Set-valued Statistics. 
The dbove two methods can only estimate the membership value of 
certain xeX. However this method, with the reasons stated in section 
4.3.2, is able to estimate the membership values of several x’ s at the 
same time. However this method need a large number of subjects so that 
the resulting membership values are more stable. 
4.2.2.4. Reverse Rating. 
This method needs no computation to obtain the membership value 
except taking average. However taking average is easily affected by 
unusual values. Moreover it seems that taking average may not be a 
proper way to estimate the membership values. For example, suppose we 
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have two subjects and we have given y , y and y e [0.1] to them and 
1 2 3 
asked them to give the estimate of the corresponding x such that fi (x ) 
J A J 
= y』 . L e t Xii, x^^ and x^^ be the answers of the 产 subject. Without 
loss of generality, we assume that y > y > y and x > x > x 
1 2 il 12 13' 
Suppose their answers are shown in the following graph: 
'I 
W, - - 丄 ‘ 一 / 一一 丄 — 
^入 
Note that in usual practice, the estimate of x such that /i (x ) = y is 
J A J J 
the mean of x and x . However from the above graph, as the "distance" 
1J 2 J 
between x " and x is much larger than that between x and x , we 
11 12 � 21 22' 
would probably believe that the estimate of x should be near x than 
2 22 
X , rather than x is equidistant from x and x . Thus taking average 
12 2 12 22 
is inappropriate in this case. 
In order to estimate the "true" membership function, we would first 
estimate the subject's membership function by connecting the points by a 
piecewise straight line. Then the average of these straight lines can be 
used as an estimate of the "true" membership function. Note that a 
piecewise straight line is inadequate in most cases. In order to solve 
this problem, we may fit the given set of points into a spline function 
for each subject. Then the average of th4se spline functions can be 
taken as an estimate of the “true" membership function. For details of 
the calculation of the spline function, please refer to Sastry et al. 
(1993). 
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4.2.3. Parametric Estimation Procedures. 
In this procedure, we will make some assumptions on the "true" 
membership function. In the first type of assumptions, we will assume a 
mathematical form of the membership function. Usually this mathematical 
form consists-of^ some parameters. What researchers need to do is to 
estimate these parameters using the data from either of the above four 
data collection methods. In current literatures, most of the researchers 
estimate the parameters based on the data from direct rating. For 
example, we propose a membership function for the fuzzy set "short 
_ 2 
people" as = e * where x is the height of people, k > 0 is a 
parameter to be determined. For a given set of height, we ask the 
subjects to determine the corresponding membership values by, say, 
direct rating method. Then we use these heights x^ and the corresponding 
membership values to jestimate k. In section 4.2.3.1., we will 
investigate how we can estimate the “true" membership function based on 
the first type assumption. Moreover we will summarize the mathematical 
forms used in the past. The forms will be divided into four classes 
according to the shape of the corresponding membership functions： 
decreasing, increasing, bell-shaped and inverted be11-shaped. In section 
4.2.3.2. , we will give details on how Dombi (1990) decides his 
mathematical form of membership function as an example. In the second 
type of assumptions, we will assume the /"true" membership value has 
certain distribution or it is in some mathematical form with the 
parameters having some distribution. What we need to do is the 
estimation of the parameters in the distribution. In section 4.2.3.3., 
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we try to estimate the "true" membership function if each of the 
individual membership function is a straight line and the end-points are 
uniform random variables. Besides the above two assumptions, Cai (1993) 
provides a third assumption on the membership function. He assumed that 
the membership function is in a certain mathematical form and he used 
maximum scale likelihood method to estimate the parameters in the 
mathematical form. We will discuss his work in section 4.2.3.4. . In 
section 4.2.3.5., we will discuss the characteristics of the parametric 
estimation procedures. 
4.2.3.1. Parametric Estimation Procedures based on the First Type of 
Assumptions. 
As there are many different estimation procedures, we will use the 
most popular approach, ,the least-square approach, to do the estimation. 
Suppose" there are m subjects. We show x ,•••’ x to each of them and ask 
1 n 
them to give the corresponding membership values jii (x ), i=l,…，n and 
A J i 
J = m. Thus for each subject, we base on the n membership values 
to estimate the parameters in the mathematical form. After we have found 
the m membership functions, we estimate the "true" membership function 
by the average of these m membership functions. We will show how to 




Example Suppose X, the universe of discourse, is the population of 
human being and A, the fuzzy set on X， i s， x is short, where x € X. 
2 
Moreover we assume that 〜(x) = e七 , w h e r e k is a positive constant. 
Suppose we have m subjects. In order to estimate the membership function 
、 of each subject, we showed each of them n x,s, namely x ,.••, x and 
1 n 
asked them to decide the corresponding membership value 〜(x!),..., 




J fx^Cx^) - e i and which is the solution of the equation 
i=l 
n 
r—t f 2\ 2 
\ ( % -kx -kx 
) ) - e i e i X^ = 0. 
i=l 
After we have estimated the k for each subject, then the ‘ true' 
f JJI X 
I ^ " 2] 
\ -ic X 
membership value of a certain x is estimated by j e i /m. Note 
i=l 
that, in usual practice, we will linearlized the membership function of 
each subject as In ji (x) = -kx^. Then we will estimate k by finding the 
A n 2 
one which minimizes \ In ^^(x^) + kx^ . The estimate is equal to 
’ -• V. > 
i=l 
n 
I ^ in fx^(x^) 
i=i 
— — . 
n 
I < 
i = l 
Programs for linear regression can be used in this approach but we do 
not think that it is a reasonable one, as we believe that each subject 
2 2 
observes e'^* with certain additive error, rather than observing -kx 
with certain additive error. Thus we will not linearize the membership 
function before we do the estimation. 
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In this section, we will summarize some mathematical forms of 
the membership functions that correspond to fuzzy set ,x is small’， ，x 
is large,, ’ |x| is small, and ’ |x| is large'. 
Table 1. Membership Function Corresponds to "x is small". 
“ 、 
Domain Function 
. / I , 0 ^ X ^ a, 
1) R = ^  
0 otherwise. 
2) IR+ 〜(X) = e-kx, k > 0. 
2 
3) IR+ fi^(x) = e-kx , k > 0. 
1 0 ^ X a , 
1 
+ - X 
4) R n^ (x) •= - a ^ X :s a , 
A a - a 1 2 
2 1 
0 a ^ X. 
2 
一 1 
k 一 ~~k 
^ 1 - a x , O ^ x ^ a , 
5) IR+ II (x)=' 
A 
、0 , otherwise. 
6) IR+ M (x) = — , k > 1. 
A 1 + kx^ /, 
A 
0, 0 ^ X ^ a, 
f 
, 、 1 1 , 71 a + b 1 ^ , 
7 ) R + ^ ^ ( x ) 2 X — . a s x s b , 
\ / 
1, b X . 
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Table 2. Membership Function Corresponds to "x is large". 
Domain Function 
0 , 0 X a , 
1) IR+ fx^(x)=-
•V I 1, a s X. 
0 , 0 ^ X a , 
2) IR+ 〜(x) = < k > 0. 
- -k(x - a) ^ 
^ 1 - e , a ^ X. 
0 , 0 =s X a , 
3) IR+ 〜 ( X ) = ' k > 0. 
. -k(x - a) 一 、1 - e , a ^ X . 
1 0 X :s a , 
1 
X - a 
4) IR+ a (x) = < a ^ x ^ a , 
^A a - a 1 2, 
2 1 
.* * 0 a ^ X . 
2 
0, 0 < X a, 
f 
1 
5) IR+ jLi (x) = ^ a(x - a)k, a x ：^ a + a ^ , 
1, IT" 
‘ a + a . 
0, 0 s X ^ oc, 
. / 
6 ) R 〜 ( X ) = ^ / 
k(x - a)^ 〜< V < M 
— , a ^ X ^ 03. 
1 + k(x - a) 
0， 0 ^ X ：^  a 
7) R+ = - J + 4 [ ^  “ - H ^ ) ' a s x s b 
1, b ^ X. 
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Table 3. Membership Function Corresponds to "|x| is small". 
Domain Function 
- 00 X ^ -a, 
1) 沢 J^.Cx) = - 1, -a :s X a, 
0, a ^ X ^ 00. 
kx 
e , -00 < X 0, 
2) R = - k > 1. 
e一kx, 0 ^ X < 00. 
2 
3) IR M / x ) = e""kx’ k > 0. 
= 0 , -00 < X ^ -a , 
2 a + X 
2 
= ’ -a ^ X -a , 
a - a 2 1 
2 1 
4) R n (x) = 1 , -a rs X :s a , 
A 1 1 
a - X 
2 
= , a s X :s a . 
a^ - ai 1 2 
= 0 , a ^ X. 
2 
- 1 / k 
= 0 , -00 < X a ， 
- l / k 
= 1 - a(-x)k, a ^ X ^ 0 , 
5) R n (X) - i/k 
A = 1 - a(x)k’ 0 X =s a , 
- i / k 
= 0 , a ^ X < 00. 
6) IR n ( x ) = ’ k > 1. / 
A 1 + kx^ 
_ 0’ -00 < X ：£ -b, 
1 1 ， n a + b 1 
= o + sin - r — — — X + ——^——，-b ：^  X ：^  -a. 
2 2 b - a Z 
\ / 
7) R fx^(x) = 1, -a X ：^  a, 
1 1 71 a + b 1 ^ , 
= 2 一 sin X - — ^ , a … b , \ / 
= 0’ b ^ X. 
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Table 4. Membership Function Corresponds to "|x| is large". 
Domain Function 
1, -00 X ^ -a, 
1) K fi^Cx) = - 0, -a X ^ a, 
1, a :s X ：^ 00. 
•、、•>‘. k V 
1 - e , < X 0, 
2) R = - k > 1. 
_kx 
^ 1 - e , 0 ^ x < o o . 
-~~-
3 ) IR 〜 ( X ) = 1 - e一 k x , k > 0 . 
= 1 , -00 < X -a , 
2 
a + X 
=一 , 一 a ^ X -a , 
a - a 2 1 
2 1 
4) IR II (x) = 1, -a ^ X ^ a , 
A 1 1 
X - a 
= , a ^ X a , 
a - a 1 2 
2 1 
= 1 , a X. 
- i / k 
= 1 , -co < X ^ a , 
-l/k 
=a(-x)k, a X 0, 
5) R (x) - i/k 
= a ( x ) , 0 X a , 
-l/k 
= 1 , a < X < CO. 
— ‘ 
6) R III (x) = — ^ — , k > 1. 
A 1 + kx 
A 
= 1 , -00 < X -b, 
7) IR fi (X) = 0, -a ：£ X “ ， 
A 
+ 4 s i n 六 [ X - 平 ) ， a … b , 
b X. 
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We will show below the estimates of the parameters in the above 
mathematical forms for each of the m subjects. Then the "true" 
membership function will be estimated by the average of these m 
membership functions. As the forms in the four tables are very similar, 
we will only show、those in table 1 as examples. Suppose that we have 
X , . . . ,x and the corresponding membership values y = /i (x ) y = 
I n 1 A 1 n 
fl (X ). 
A n 
1) The largest x^ such that fi^Cx^) = 1 is an estimator of a. 
2) Based on the least-square approach, we estimate k by finding the one 
n 
厂 -kx X -kx^ 
which is the solution of the equation〉 y^ - e x^e = 0. 
1=1 




〜 (乂 1 ) - e~ x^ e = 0. 
1 = 1 
4) In order to estimate* a and a , we will do the following constrained 




Min ) y. - Ji. (x,) subject to 
a L i A i 
1 = 1 
1 0 ^ X 2S a , 
f 1 
a - X 
= - a' - a ai s X s a^’ 
2 1 
0 a X. 
^ A 






Min [ Yj - M^(x^) subject to 
^ 
^ 1 - ax\ 0 ^ X a k , 
、 ⑷ = • 、 
0 , otherwise. 
6) Based on the least-square approach, we estimate k by finding the one 
which is the solution of the equation ) y - x^ = 0. 
乙 L i 1 + kx^ ^ . 
I 




Min [ y^ - m^(x^) subject to 
i=i 
0, 0 X < a, 
〜(X) - I - 4 - F ^ ( X — a . x . b , 
\ J 
i 
1, b ：^ X . 
/ ‘ 
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4.2.3.2. Dombi's Mathematical Forms of Membership Functions. 
Dombi (1990) summarized the mathematical forms of membership 
functions that had appeared in the Journal "Fuzzy Set and System". After 
the review, he pointed out some properties that all of these membership 
functions have:、、 
1) all membership functions are continuous, 
2) fi^(x) : [a’b] > [0,1], 
3 )〜 ( X ) is (a) either increasing, or (b) decreasing, or (c) could be 
divided into an increasing and decreasing part, 
4) the monotonous membership function in the whole interval is (a) 
either convex functions or (b) concave functions, or (c) 3 a point 
c € [a’b] such that the function is convex in [a,c] and concave 
in [c,b], 
5) if the function is ijicreasing, then fi (a)=0 and u (b)=l: 
A A 
if the function is decreasing, then fi (a)=l and jj. (b)=0, 
A A 
6) the membership function can be easily linearlized. 
Basing on the above findings, he set up some criteria that a 
membership function from [0,1] to [0,1] should satisfy: 
1) fi^(x) is a continuous increasing function : [ 0 , 1 ] — — — > [0,1], 
2 ) = 0 , “ 入 ⑴ = 1 , 
3) fX , (0) = 0, n ' (1) = 0’ 
A A n /、 
3 X • * • ''Si 
4 ) 〜 ( X ) = ’ 
A X +...+A 
0 m 
5) for such kind of fi^(x) in (4) n+m need to be minimum. 
Basing on the above five criteria, he derived the form of such 
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membership function from [a’b] to [0,1]： 
For increasing ji^(x) 
u (X) 一 (l-i^ )入一l(x-a)入 r M 
〜IXJ - — — X € [a’b] • 
(l-i^)A l(x-a)入 + / l(b-x)入 
For decreasing ju (x) 
.… 、 A 
,,f^) 一 ( l - i O 入 一 r V.1 
〜 … 一 X r ~ X € [a.b], 
(l-i^A l(b-x)入 + / l(x-
where v is the intersection of y = and y = x (and so v determines 
the shape of jLi (x) ) and n ' (v) = X (and so X determines the sharpness 
A A 
of a ( x ) ) 
A 
4.2.3.3. Parametric Estimation based on the Second Type of Assumptions. 
In this section, we will assume that the membership function of each 
of the m subjects is a straight line, with end-points and (b^, 1). 
This assumption is reasonable as the average of straight lines is a 
s-shaped curve. Moreover we assume that the random variables (a^ ) 
have a Joint probability density function f(a ,b ) = ( 1 — — f o r 0 
1 i o V, 0 ~ o j 
1 3 2 
< a < 9 < X < e < b < 9 where x € X. We would like to find the 
i 1 2 1 3 
maximum likelihood estimates of G^, G and 9 based on the data from 
1 2 3 
either of the above four data collection methods. 
4.2.3.3.1. Direct Rating. 
As we assume G < x < 9 , Pr(0 < y < l( = 1. From direct rating, we 
1 2 i 
X - a^ 
observe y , …， y where y = . Let z^ = x - a . Then the joint 
•^ i "^ m ‘  1 D^ - a^ 1 i 
probability density function of y^ and z^ is: 
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f ( V Z i ) = — ^ 
y: ei (63 - e^) 
X - G 
’ e — ^ ” i < + and 
where - ^ ^ ^ 
(02 一 f (e - x)y . 
、Max [ X 鍾 e^, 1 一 y ^ — — J < < Min [x, 二 y^ • 
The probability density function of y^ is 
^ X 
g(y,) (e - x)y (0，- x)y, 
f(y ) = — - Min X , —： ^ _ Max X - e | — . 
\ J 
/ X - G 
where g(y ) is an indicator function and g(y ) = 1 if — < y < 
1 i & ~ 0 i 
3 1 
X 
and = 0 otherwise. 
0 
2 
In this case, when we observe y , . . . ,y , the loglikelihood equation is: 
1 m 
u e !’ 02, 6 3 ) = 
^ g ( y j (e -x)y、2 (0 x)y 
) l o g Min x , - ^ - / Max x-e - j — 、 
L e, (63 _ 62) 、 丄 yi J 
1=1 
Thus by maximizing L(9 with respect to 9 , 9 and 9 , we get the 
1 2 3 1 Z 
maximum likelihood estimates of e , e and e . Then for any given x, we 
X A ^ « 
estimate n (x〕 by finding y f (y) dy where f^(y) is equal to f(y) with 
A « 
e e and e replaced by their maximum likelihood estimates. Note that 
1 2 3 
the most important advantage of this method is that after we have 
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observed m membership values of one x, we can estimate the “true" 
membership values of other x’s. 
4.2.3.3.2. Polling、. 
1 if y ^ 0.5 
Under this method, we observe v v where v = ‘ V 
1 m i 
0 if y^ < 0.5. 
Then the likelihood equation is 
> V m - ) V 
L(e , G , G ) = Pr(Y 2= 0.5) ^ Pr(Y < 0.5) i . 
1 2 3 1 1 
X - G 
Note that if — ^ 0.5, then Pr (Y ^ 0.5) = 1 and if s 0.5, 
0 — 0 i o 
3 1 2 
then Pr (Y ^ 0.5) = 0. Suppose we observe some v^ = 1 and some = 0. 
X 
X - G . f ^ 
Then we have — i- ^ and Pr (Y,之 0.5) = f ( y ) dy 
y 一 w y 1 1 1 
3 1 2 Jo.5 
where f(y^) is the one in section 4.2.3.3.1. Thus, in this case, the 
likelihood equation is : 
L ( 〜 ， V V = 
E V n - E Vi 
X ^ ^ i 
f(yj) dy^ 1 - f(yj) dy^ . 
Jo.5 .」0.5 • 
^ / X / 
X - e p ； 
Note that if 0.5 < ^ _ ^ > then fCy^) dy^ = 1. 
3 1 Jo.5 
X 
X - e X - e f T 
If Q _ e <。.5 < e - e , then f ( V dy^ = 
3 1 2 1 J o . 5 
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• • ‘ ( \ 2 f N f 、2 
2x - e^ X e^ - X - e - X x - e 
2 3 2 1 
\ / V / N / V / 
r 、 f \ 
2 x 9 G - x e - G 
1 2 3 2 
V / 
、 . X 
X - e X r'T" 
If e _ I < 0.5 < — t h e n 2 f(y^) d y ! = 
2 1 3 
•'O. 5 
, 、 广 X 2 、2 
2x - e 9 - X 一 e - X 
2 3 2 
\ / V / V / 
f X r X 
2 e 9 - X e - e 
1 2 3 2 
\ 
X ’ 
X X 「了 2 X X - e^ 
If ""“— < 0.5 < ""“—, then ^ f(y.) dy, = 
®3 ®2 ^ ^ 0 G - 9 
* ' 0 .5 1 3 2 
\ / 
X 
X r " ^ 
If — — < 0.5’ then •‘• f(y,) dy = 0. 
0 i 1 
2 JQ. 5 
Thus by maximizing L(9, ,0。，0j with respect to G , e and 6 , we get 
1 2 3 ± ^ o 
the maximum likelihood estimates of 9 , G and G . Note that for each x, 
1 2 w 
we observe J； v ^ In order to find the MLE’ s of and G^, we need 
three x, s and the corresponding three J； v^. 
4.2.3.3.3. Set-valued Statistics and Reverse Rating. 
Suppose we observe + a^ 玲 （ ( 一 a j + where 玲 € (0,1). 
Note that in the case of set-valued statistics, ^ = 0.5. We would like 
to find the probability density function of c^ = ^(b^ 一 a!) + a!. Then 
the joint probability density function of (c^, a^) is, 
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n C i , a!) = p e ie 一 e ) 
, P e < c < (1 - p) G and 
2 1 1 
if - .…、. 
c - p e c - ^ G N 
W | o , 1 一 p 3 j < 、 < Min [e^, ； 一 p 2 . 
Therefore, 
g(c ) c 一玲 e 、 c - ^ e 
= P e ( 9 - 9 ) - Min 01, 、 一 / _ Max 0 , 卜 玲 ‘ 
where ) is an indicator function which is equal to one if 
|30产i<( 1-3)01 and is equal to zero otherwise. Thus when we observed 
c ,…， c , the loglikelihood equation is: 
1 m 
L(e e G ) = • 
1 2 3 •‘ • 
i 
^ g(c，） c - 0 e . Ci - " 3 飞）• 
) l。 g P 9 (9 -9 ) ‘ Min ei, 1 一 p _ Max 0’ , 一 玲 • 
[_^ 1 3 2 ^ \ ) • 
1 = 1 
Thus by maximizing L(e . e , G ) with respect to 9 . 9 and G , we get 
the maximum likelihood estimates of and Then for any given x, 





4.2.3.4. Parametric Estimation based on the Third Type of Assumptions. 
Cai (1993) assumes that the membership function of a certain fuzzy 
r r _ ^ 2-1 
set is fi^(x) = exp - ^ ^ ^ where a € IR and b > 0. In order to 
L V J 
estimate the parameters a and b, he has used a method called maximum 
scale likelihood method. This method is very similar to maximum 
likelihood method in probability theory, except that It uses possibility 
instead of probability and it uses a concept "unrelated" instead of 
"independent" in probability theory. In maximum likelihood method, our 
objective is to maximize a function called likelihood function which is 
the product of n probability density functions. In maximum scale 
likelihood method, our objective is to maximize a function called scale 
likelihood function which is the minimum of n possibility distribution 
functions. In the paper, he has discussed parameter estimation in three 
distinct situations: estimation of a with b known, estimation of b with 
a known and estimation of a and b when both unknown. 
Case 1 Estimation of a with b known 
Suppose we have observed n x ,s such that n (x ) = 1. By Point 
1 A 1 
Estimation Method (PEM), the estimate of a is determined by the average 
of these x^' s. By Maximum Scale Likelihood Method (MSLM), the estimate 
of a is determined by 
- / 
a = 0.5 Max x + Min x^ . J' 
l<i^n l^ SiiSn 
Case 2 Estimation of b with a known 
Suppose we have observed n x^' s such that /i^(x^) = 1. The 
estimate of b is determined by 
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Max |x - a| 
C l^Si^n i 
D = where e is a predetermined constant which 
a 
determined the accuracy of the estimate. 
Case 3 Estimation of a and b when both unknown 
Suppose we have observed n x^' s such that ) = 1. The 
estimates of a and b are determined by 
Max x^ 一 Min x^ 
a = 0.5 Max x + Min x and b = !幻知。 where e is 
^ ^ 1 I Ze a 
、1 到:Sn i:si<n a 
a predetermined constant which determined the accuracy of the estimate. 
4.2.3.5. The Characteristics of the Parametric Estimation Procedure. 
We summarize the advantages and disadvantages of this estimation 
procedure as: 
Advantage ‘• • 
1) Given the functional form of the membership function, the 
analysis of fuzzy set theory will be easier. For example, 
Bobrowicz et al. specify the membership function in some special 
functional form so that they can use this function's properties to 
carry out further analysis and consider possible applications. 
Disadvantages 
1) Usually the authors do not give the reasons why the membership 
function is in such form even though the functional forms they 
proposed are reasonable. 
2) This approach can be used only in the case that the attribute can 
be mapped to the real line. For those cases where the attribute 
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cannot be mapped to the real line, the above approach cannot be 
used. For example, for the set of "beautiful girl", obviously we 
cannot follow the above approach and write down the membership 
function in term of several parameters. 
•、、. 、 
3) In most cases，we believe that each fuzzy set corresponds to some 
attributes and the membership value of certain element x to 
certain fuzzy set A depends on the quantity of certain attribute 
that X owns. For example, when we consider the set of “young 
people", we will believe that their age is the only factor to 
determine their membership values to this fuzzy set. But from past 
experience, we know that beside the age, subject will consider 
other factors, such as appearance, character, dressing and even 
career when they consider the set of "young people". So in this 
case, this approach may not be applicable. Even if it is * 
applicable, the problem will be very complicated. 
After discussing the characteristics of these four methods, we would 
like to see If there are any connection between them. 
4.3. Connections between the Four Data Collection Methods in Section 4.1 
In Section 4.1, we have introduced the four methods that are commonly 
used in the past to collect data for the estimation of the membership 
value. Now we would like to see if they are related or not. 
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4.3.1. Relation between Direct Rating and Polling. 
For the polling method, past result showed that the fuzzy region (the 
region of x such that the membership values lie strictly between zero 
and one) is smaller than that obtained by direct rating method. We 
would like to explain this phenomenon in this section. We believe that 
the reason of this phenomenon is that, by polling method, what we are 
estimating is not the same as that by direct rating. When researchers 
asked the subjects to answer a "yes" "no" question, the subjects will 
set a bound on the attribute of x (or |LI^ (x) ) such that when the given 
element y, s attribute (or fi (y)) exceeds that of x, the subject will 
A 
give an ”yes" answer. For example, when a subject is asked to decide 
whether a man is a tall man or not, the subject may probable decide a 
certain height of man in his mind such that if the given man's height 
鳴 
exceeds this height, he will give a •丨 yes" answer to the question. 
Equivalently, the subject may decide a membership value such that if the 
given man, s membership value to the set of "tall man" exceeds this 
membership value, then he will give a "yes" answer. Now let us consider 
the latter case. For a subject at certain place and time, the membership 
value of X to the fuzzy set A is different. So we can view fi^M as a 
random variable for each subject. Suppose f(z) is the probability 
density function of z=/i (x) and F(z) is ifhe corresponding distribution 
A J-‘ 
function. Then 
.1 -il pi 
F(z) dz = z F(z) - z f(z) dz 




where fi = E(z) = zf(z) dz. We assume that for fi (x) 2： c, the subject 
Jo A 
will answer "yes" where c is a constant between zero and one. Let p = 
pC 
F(c) = f(z) dz, so that the probability to answer "yes" is equal to 
JQ ‘ 
pi 
Pr(|i^(x) a： c) = f(z) dz = 1 - p. 
Jc 
Under our interpretation, polling method will give an estimate of 1 - p, 
rather than fi. We would like to find out the relation between 1 - p and 
In the following theorem, we will consider f(z) as a unimodal 
function with peak (d,f(d)) and c = 1/2. We will prove that 1 - p 乏 ji 
when n ^ 3/4. 
Theorem 1. Let z=jLi^(x) be a random variable in the region [0,1] with 
probability density flinctlon f (z) and distribution function F(z). 
Suppose f(z) is an unimodal function with peak (d,f(d)). Then 
Pr(z 2： 0.5) 2： E(z) when E(z) 2： 3/4. 
In order to prove this theorem» we prove the following lemma which 
consider the relation between p and n when f (z) is nondecreasing. 
Lemma 1: . 
I 
Let z = /i (x) be a random variable in the'region [0,1] with probability 
A 
density function (pdf) f (z) and f (z) is nondecreasing in [0,1]. Let ^ = 
pC 
E(z), c be a point in [0,1] and p = f(z) dz. Then we will have the 
Jq 
following relations between c, p and fi: 
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a) If 0 ^ c :s i and l - 2 / i + c > 0 , 
2c (1 - f z ) > p ^ l - 2 M + c. 
1 
b) If 0 c ：< - and l - 2 j i + c : s 0 , 
2c(l - |i) > p > 0. 
i c ：^ 1, c ^ and 1 - 2m + c 之 0, 
2(l-c) ^ P ^ 1 - 2fx + c. 
d) If i c ^ 1, c ^ jLi and 1 - 2/1 + c 0, 
1 - u 
e) If ^ ^ c ^ 1, c ^ fi and 1 - 2/i + c 2： 0, 
1 - 2 Lt + c , ^ 
2(1 - … ^ P ^ 1 - 2 M + c. 
Proof of lemma 1: 
Suppose F(z) is the distribution function of z. When f (z) is 
nondecreasing in [0’1J’ F(z) is a convex function in [0,1]. We draw a 
tangfent line at (c,p) in the following graph： 
Fil)卜 
丨） （I,,) 
1 (J,0) U,o) ？ 
Then F(z) dz (minimum area of the shaded triangle). Suppose the 
Jq 
tangent line cuts the x-axis at (d, 0). The equation of this tangent line 
is: 
61 
y = [p/(c-d)]z - pd/(c-d). 
As for z=l, y 1, therefore we have ^ 1 d :s 口 . 
〜、、 c 一 d 1-p 
As for z=0, y ^ 0, therefore we have 一pd :s 0 d 之 0. 
We conclude that the d need to satisfy 
0 = s d : s ^ : s c < l (4.1) 
Note that for y = 0, z will equal to d and for z = 1, y will equal to 
2 
g(丄 g), so the area of the shaded triangle say g(d) is • 
g,(d) = P(l-d)(l-2c+d) c 
Therefore g'(d) = 0 if and only if d =1 or d = 2c - 1. So in order to 
find the minimum area, of the shaded triangle we need to take care the 
case when d = 1 and the case when d = 2c - 1. But d = 1 does not 
satisfy (4.1). So we only need to take care of d = 2c-l. From (4.1) and 
when d = 2 c - l , 0 d =s _？一 P 0 ：^  2c - 1 〒一 P ^ . Note that 0 
1 - p 1 - p 
^ 2c - 1 1/2 c and 2c - 1 ：^  ^ " ^ (l-c)(l-2p) ^ q p ^ 1/2. 
1 - p 1 - p 
Therefore for 1/2 ^ c 1 and p ^ 1/2, minimum area of the shaded 
1 - u 
triangle is g(2c-l) = 2p(l-c). So 1 - ^ 2p(l一c) =» p ：^ - j - ^ — . 
That is, for 1/2 c ^ 1 and p :s 1/2, p ^ 二 ） . (4.2) 
For 1/2 ^ c ^ 1 and p ^ 1/2, it is easy to conclude, from the 
following graph, that the minimum area of the shaded triangle = 
2(l-p)- Therefore 1 - M ^ 2(l-p) ^hich implies p 二。 a n d 
so 1/2 … 》 ( ; g 、 ; 。 • And 1/2 ^ “ 二 c … 。 • 
That is, for 1/2 c ：^  1 and p 2： 1/2, we have 1/2 p < ^ ^ ^ and 
ix ^  c. (4.3) 
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卜 ( 七 ) 
“ ) 
(C》 
. . 1 
In the above, (4.2), (4.3), we have found the relation between c, n when 
p is in some region. However we would like to find the lower and upper 
bound of p in term of jj, and c. So let us divide the above two cases into 
the following four cases : 
a) If 1/2 c :s 1, c < n and p 2： 1/2, from (4.3) 
1 - Zix + c 
‘ 1/2 ^ p ^ 二 “) =» ji ^  c which is impossible. 
b) If 1/2 ^ c ^ 1, c < fi and p :s 1/2, from (4.2) 
一 1 - M 
P s 2(1 ^ c). 
As c 〈 “ 餘 < we have ^。 )之 P 乡 ！ 〉 P . 
c) If 1/2 c 1, c ^ II and p 2： 1/2, from (4.3) 
1 ^ ^ ^ 1 - 2/i -f c 
2 ” s 2( 1 - n )' 
d) If 1/2 c 1, c ^ fi and p ：^  1/2, from (4.2) 
^ 1 - J i I 
P 运 2(1 - c)- / 
Case (c) and case (d) can be combined as: 
If i c ^ 1 and c 2： i^, then 丄 之 ？ 二 二 ) 。 - P (note that 
1 厂 2从 + ？ < j - ) and 
2( 1 - ) 2(l-c) 
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case (b) is equivalently to 
If y c^ 1 and c < M, then 乏 P. (note that < 
Case (b) to case (d) are for i c ：^  1. Let us consider the case when 0 
^ c 2S i. 、 







. a。） 1 
Therefore 1 一 之 p 2c(l-fx). 
That is, for 0 :s c ：^  i, p :s 2c(l-jLi). (4.4) 
We have found the upper bound of p. From the graph below, we can write 
out the lower bound of p when 0 ^ c ^ i. 
乙 � 
CI,') 
- - - � 
Lm 
(0,0)1 ^ ^ 
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1 - ji 2S ££ + (1 - c广 + P ) which is equivalently to p 2： 1 - 2 + c. 
That is, for 0 :s c s p 泛 1 _ 2/1 + c. (4.5) 
We may conclude the above result as below: 
a) If 0 c :s 1 and 1 - + c 之 0, 
2c(1 - fx) fc p 2： 1 - 2fx + c. (4.6) 
1 
b) If 0 c - and 1 - Zji + c 0, 
2c(l - n) ^ p ^ 0. (4.7) 
c) If i c ^ 1, c ji and 1 - 2/i + c 之 0, 
… 卜 2 ” c. (4.8) 
d) If i c 1, c jLi and 1 - 2/1 + c 0. 
… 0 . (4.9) 
e) If i c ^ 1, c ^ /i and 1 - 2|i + c 2： 0, 
2 •‘• 
‘ 1 ：,^^ + ？ p ^ 1 - 2 M + c. (4.10) 
2(1 - n) P 严 
f) If i :s c ^ 1, c ^ H and 1 - 2|i + c ：^ 0, 
^ … 0 . (4.11) 
for (f), l + c 2 s 2 / i : s 2 c = » l : s c which is impossible. 
This completes the proof of lemma 1. 
/, 
Proof of the theorem: 
Assume f(z) is a unimodal function in [0,1]. Without loss of generality 
we assume that it is increasing for z € [0,d] and is nonincreasing for z 
€ (d,l]. Let q be the probability that z € [0’d] and so 1 - q is the 
probability that z € (d,l]. Therefore we can view z as a mixture of two 
distributions, which is symbolically expressed as z = qS + (l-q)T where 
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S, T are random variables with S corresponds to the increasing part and 
T corresponds to the nonincreasing part. Moreover we let E(S) and 
H = E(T) and we assume that n * n . Thus we have 
2 1 2 
、 … 一 P 
M = q l^ i + (1-q) or q = ^ _ ^ ~ ~ . 
We will use the result from lemma 1 with c = 1/2. (Note that it is 
reasonable that the subjects use 0.5 as a cutting point when there are 
only two adjectives to describe the fuzzy set, e.g. the set of "tall" 
and "not tall" man, the set of "long" and "not long" line.) Now we will 
split the above case into two cases: 
Case 1 d > c 
Pr (z 1/2) = q Pr (S :s 1/2) 
„ r S ^ 1 1 
= q Pr 〜 . 
• V / 
As F(S) is convex in [0’d]’ f[-|-| is convex in [0.1]. Therefore we can 
、 J I 
use the result in lemma 1 with c replaced by and fj. replaced by 
From (4.6) to (4.10), we will have (4.12) to (4.16) as follow: 
d 
1 如1 1 
a) If 0 ^ < 1/2 and 1 ——^ + ^： 0, 
2 q 1 - " J " ) … （ 卜 2 各 + 去 ) q - (4.12) 
1 如1 1 
b) If 0 ^ ^ ^ 1/2 and 1 - + “ ， 
2 q 4 H ( l _ 4 ^ ) , P . 。 . ^ (4•⑶ 
2n J 1 〜 
c) If 1/2 s 士 1 - j + " and I s 丁 ， 
q 卜 之 p 之 ( 1 _ 2 + 4 ) q. 
2 ( 1 一 
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d) If 1/2 ^ ^ 1, 1 - + 4 _ ^ 0 and — L - ^ A . 
2d d 2d 2d d ' 
q 1 - I 
q 2： p ^ 0. (4.15) 
2(1、,、"^) 
e) If 1 / 2 . ^ . 1 , 1 - 》 n d I 
q — ^ p ^ ( 1 - 2 + -ij- ) q. (4.16) 
Note that for (4.12) and (4.13), ^ 1/2 d 2： 1, which is impossible. 
As we are only interested in the upper bound of p, we only need to take 
care the upper bound of p in (4.14) to (4.16) 
(4.14) Suppose 1/2 ^ d 1, n > 1/2 and 1 一 ： ^ + ~ ^ > 0. 
1 a 2d 
. • • 1 
(4.15) Suppose 1/2 d 1, /Li 2： 1/2 and 1 一 ^ ^ — + ~ ~ ^ ~ < 0. 
1 a Za 
Both of them has an upper bound of p as 
q 1 — — ^ p. …) 
As for (4.14) and (4.15), we want to maximize 
q 1""" 
1 〜 
〜 一 g 1 一 d ~ ~ 
which was equal to 
“ 1 
2 ( 1 - j ) 
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一 “2 一 P d -“l 
一 ~ ^ “2 - 一 （ 一 d) 
： 2 ( d - 0.5) - Ji 
2 1 
As u ^ u and u ^ d, the quantity is maximized if fi is minimized to 
2 1 2 1 
〜 一 
1/2 and the corresponding quantity is q ^y This quantity is 
0.5 - fi X 
equal to 1/2 1 + 八 _ and this one is maximized if ii is equal 
u - 0 . 5 2 
to 1. Therefore 
, 1 - 4 - 1 
Max j q 3 ~ • = 1 - p. 
^ 2( 1 - J 
丄 
d 2d 
For (4.16), we want to miaximize q which was equal to 
1 如 1 . 1 
〜 - P 卜 - d - + I 
i^o — is • 
2 i 2 ( 1 - — 
We can show that in order to maximize the given quantity, we need the 
largest ( = 1/2)，the largest ( = 1.0 ), the largest d ( = 1.0) 
1 2 
and fx ^  3/4. In this case the corresponding quantity is 1 - /i. 
Summarizing the result in (4.14) to (4.16), we conclude that for 1/2 s 
d, we have 1 - /i 2： p when n ^ 3/4. J' 
Case 2 d ^ c 
As now Pr (z ：^ c) = q + (1 - q) Pr (T :s c) 
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= q + (1 - q) [1 - $ . 
f 1 - T， 
As F(T) is concave in [d,l], F , 一 , is convex in [0,1]. Therefore we 
1 - a 
V / 
1 - c 1 - M 
can use the result in lemma 1 with c ：7- and u =» — As u ^ 
C 1 - d r 1 - d 〜 
•、〜. 、 
1/2» 0 ^ d ^ 1/2, we can show that only case (e) in lemma 1 is 
「 1 - |i -| 
possible. Therefore p ^ q + (1 - q) 1 - 1 + 2 - ^ " ^ 
1 - d 1 - d 
jn^  - fl - M r 3 - 4 /I 
= + V M: [ 2(1 - d ) 云 〜 d ) 
Obviously if we want to maximize f with respect to d, it occurs at d = 
- M 
1/2 and f(u .Mo. 1/2) = ( 3 - 4 u ) + ,, _ •• (4u - 2) 
1 二 2 LI LI 2 
严2 卜1 
As Jul 1/2, therefore with respect to ji， maximum of f (fx ,ii ,1/2) 
1 1 1 2 
occurs at ji = 1/2 and f (1/2, jit , 1/2) = ( 3 - 4 fi). 
1 乙 
A s 3 - 4 j L i ^ l - / i < » 2/3 fji, therefore 2/3 in this 
寒 
case. < 
From both case 1 and case 2, we conclude that 1 - ji ^  p when n 乏 3/4. 
Q.E.D. 
Theorem 2. Let z =〜 ( x ) be a random variable in the region [0,1] with 
probability density function f(z) and distribution function F(z). 
Suppose f (z) is an unimodal function with peak (d,f(d)). Then 
Pr(z ^ 0.5) E(z) when E(z) 1/4. 
Proof of theorem 2. 
The proof is the same as that of theorem 1 except that we consider v = 1 
- z in this case. Q.E.D. 
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Therefore if subjects use a threshold as 1/2 in membership value to 
decide a "yes" "no" answer, then we have shown why polling will 
overestimate the membership value when the membership value is greater 
than 0.5 and underestimate it when the membership value is smaller than 
0.5. 
4.3.2. Relation between Polling and Reverse Rating. 
If we have only two classification A and not A, it is reasonable to 
assume that membership value 0.5 is a cutting point for the polling 
method. Under this assumption, we can show that polling and reverse 
rating are closely related. Suppose the researcher has asked 100 
subjects to give a y € X such that fx^(y) = 0.5. Then in this case, the 
researcher will get 100 such y’ s and he can use them to estimate the 
membership function obtained by polling. For any x € X, the researcher 
counts number of y’s such that x ^ y in some sense and let us call this 
number N . Then (N )/100 is an estimate of the membership value by 
x,y x,y 
polling method. So reverse rating obtains more information than polling 
in this case as it can estimate the membership value by polling method 
but not vice verse. 
4.3.3. Relation between Reverse Rating and/Set-valued Statistics. 
A 
In the above sense, reverse rating and set-valued statistics are 
closely related. Both of them estimate the membership value by the 
information in the threshold of membership value. But the reverse rating 
requires the subjects to estimate the threshold and set-valued 
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statistics only need the subjects to estimate an subset which contains 
the threshold. 
The above are the estimation procedures based on the data from the 
....、. 
four data collection methods. In current literatures, there are some 
estimation procedures that are based on the other form of data. We will 
mention two of these as an example. 
4.4. Other Estimation Procedures. 
4.4.1. Procedure based on Saaty*s Matrix. 
Saaty (1974, 1986) proposed the following data collection method to 
estimate the membership values: 
« 
Suppose we have n objects, x ,...,x that we want to find their 
, 1 n 
membership values to the fuzzy set A. Then we ask the subject to give an 
estimate of m = ~ ~ 7 y - , i, J = 1 n and i ^ J. In order to be 
ij f y X j j 
unified and simplify the matter, the subject can choose m^^ only from 
the set n = {9,8, . . . ,2,1, 1/2, 1/3, 1/4 1/9} to determine the ratio. 
Each number has its meaning as below : 
/ 
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Table 5. Scale of numerical values and qualitative judgements 
Intensity of 
Importance Definition Explanation 
1 , Equal importance Two alternatives contribute 
equally to the objective 
3 Weak importance of Experience and Judgement 
one over another slightly favor one 
alternative over another 
5 Essential or strong Experience and Judgement 
importance strongly favor one 
alternative over another 
7 Demonstrated An alternative is strongly 
importance favored and its dominance 
Is demonstrated In practice 
9 Absolute importance The evidence favoring one 
alternative over another 
is of the highest possible 
order of affirmation 
2,4,6,8 Intermediate values When compromise is needed 
, between the two 
adjacent Judgement 
Reciprocals If alternative i has one of 
of above the above numbers assigned 
numbers to it when compared with 
alternative J, then J has 
the reciprocal value 
compared with i. 
After we have formed the matrix M, we have the following estimation 
procedures to estimate the membership values: 
L. 
1) Saaty's (1974) method: 二' 
从 A ( V 
For the n x n matrix M = (m ) with m = —-^―y. We find that Mw = 
IJ 1J H-. ^ ^, J 
A J 
nw where w, = (w ,w w ) and w. = fi^  (x,). In this case, w is an 
1 2 n i A 1 
eigenvector of M with the eigenvalue n. So in order to estimate the 
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membership values of x^' s, the subject is needed to give an estimate of 
M. After the matrix M is formed, the researchers find the largest 
eigenvalue of this matrix and the corresponding eigenvector. The 
eigenvalue needs to be close to n and the corresponding standardized 
.、tv . 、 
membership values are obtained by dividing the elements of the 
eigenvector by their sum. 
2) First method of Chu et al.: 
Chu et al. (1979) solve the following constrained minimization 
problem to estimate the membership values: 
n n 
Minimize S = ^ ^ (m^^w^ - w^)^ 
1=1 j=i 
n 
subject to ^ w^ = 1 and w^ > 0 for i = 1,..,n. 
1 = 1 .‘•' 
t 
3) Second method of Chu et al.: 
Chu et al. (1979) also suggest another constrained minimization 
problem to estimate the membership values: 
n n w 、2 
Minimize S = ^ ^ m^^ ^ 
1=1 j=i ^ 
n 
subject to ^ w^ = 1 and w^ > 0 for i ’ 1, . . ’n. 
1 = 1 
Advantage 
1) This estimation procedure can apply to all kinds of fuzzy set. 
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Disadvantages 
1) In order to estimate the membership values of n objects, the 
subject needs to make ^(g " comparisons. Thus the number of 
questions needed is much larger than that required by other 
•… 、. 
procedures. 
2) This approach assumes that the membership value is on the ratio 
scale. 
3) In order to be unified and simplify the estimation procedure, 
Saaty restricts the choice of m " to the set of nineteen elements. 
But it is not natural to do so。 
4) These estimation procedures are not intuitive. It is very 
difficult to believe an human can find the eigenvalue and 
eigenvector of a matrix in his mind or find the solution of a 
constrained minimization problem. 
i 
5) We need to do some calculations in order to obtain the estimated 
membership values. 
6) Saaty (1974) recommends normalizing each component of the 
eigenvector with respect to the sum of all components. Thus, 
results are affected by the number of objects and no membership 
value could ever be 0 or 1. 
7) Saaty has not proved that whether the eigenvalues will be greater 
€ 
than or equal to 0. 
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4.4.2. Procedure based on Mabuchi's Interpretation of the Membership 
Function. 
Based on the interpretation of Mabuchi (1992) on membership function, 
we can find the following data collection method to estimate the 
membership function: 
For any fuzzy set A, we ask the subjects to decide the corresponding 
ground set G^(x) which is a set of attribute that these subjects think 
that an object should have in order to belong to A. 
Suppose for a fuzzy set A ， w e have determined the corresponding 
G (X). Then for any object x, we check that whether it satisfies the 
A 
attributes, the elements of G (x) to find what percentage of them, with 
A 
weighted valuation if necessary, support that x belongs to A. The 
obtained percentage gives an estimate of n (x). 
A tt 
Mabuchi has not given any suggestion on the choice of the weight 
function of the attribute. A possible way is to count the number of 
subjects that think the attribute should be included. Suppose we have m 
subjects. Each of them is required to give a list of attributes. The 
weight of each attributes can be determined by the number of these m 
subjects who include this attribute in his list. This weight function is 
reasonable but we have to assume that we can know whether two attributes 
are distinct or not. For example, suppose 严e discuss the set "old man". 
If a subject thinks that the attribute "character" should be included 
while the other subject thinks that the attribute "behavior" should be 
included. Then we need to make a difficult decision that whether these 
two attributes are different. 
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In section 4.3.1 to 4.3.3. we have shown the relations between the 
methods in Section 4.1. This relations depend heavily on the polling 
methods but this method always gives biased estimate of the membership 
^^  、 • 
values when compared with direct rating method. So we would like to see 
what we can do to reduce this "bias" from polling data. We have 
conducted an survey to acquire the membership values of given lines to 
the set "long line". Both direct rating data and polling data are 
obtained. In Section 4.5, we will briefly introduce this survey. Then we 
will summarize the result of the survey. We will suggest a method to 
reduce the "bias" of the polling data. At last we will summarize the 
problems that we had faced during the survey and we will give some 
advices to researchers about what they need to take care during their 





4.5. The Survey. 
4.5.1. Introduction of the Survey. 
Among the published papers in fuzzy set in these 30 years, some of 
them are about、acquisition of the membership function through an 
experiment. In order to know more about the membership function, we have 
conducted a survey. In the survey, we asked the subjects to answer a 
questionnaire, which is included in the appendix. The whole 
questionnaire is divided into three parts: the first part is about the 
membership values of some given lines to the set "long line", the second 
part is about the membership values of certain ages to the set "young 
people in Hong Kong" and the third part is about the subject's personnel 
information. We choose the set "long line" because we are interested in 
the membership values •when the range of the attribute is fixed. We 
choose the set of “young people in Hong Kong" because we are interested 
in the membership values when the range of the attribute is finite but 
unknown. The subjects of this survey are thirteen graduate students of 
the Statistics Department of The Chinese University of Hong Kong. All of 
them are volunteers and are not paid. 
In the beginning of the first part, we have stated that the lengths 
of the lines are between 0 cm to 10 cm. The reason for this is that the 
subjects can see the line on the questionnaire. Moreover we have stated 
that there are only two classifications for the lines, namely "a long 
line" and “not a long line" so that the subject cannot classify a line 
as a “medium line". In question 1, we asked the subjects what factors 
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would they consider, besides the line's length, when they are asked to 
classify a line to either "a long line" or "not a long line". This 
question is raised because we want to know what are the factors 
affecting the subjects to decide the membership values. In question 2, 
we asked what I s H h e minimum length of a line for them to consider it as 
a "long" line. This question is raised because we want to know whether 
the mid-value of the range of the attribute will be a "cutting point" 
when the label set has ” two elements". In question 3 to question 6’ we 
present 10 lines to the subjects In each question. All the lines are 
drawn with the exact length. The lines are ordered so that the length of 
the lines are decreasing from top to bottom. Their lengths are not 
explicitly given but grid lines are added so that the subjects can 
estimate their lengths. The subjects are required to classify the lines 
to either "a long line", or "not a long line". Besides this, they are 
required to give the membership value of each lines to the set of "long 
line". These four questions are raised because we want to answer the 
following questions : 
Does the membership function resemble a straight line? 
Does having membership value larger than or equal to 0.5 imply that 
the line will be classified to a “long line"? 
Are the membership values affected by the length of other lines? 
In question 7，thirty lines are showif to the subjects. They are 
required to answer the same questions as in question 3 for eleven lines 
out of thirty. The eleven lines are specified. This question is raised 
because we suspect that the number of lines in question (3) to (6) is 
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too small. And so we increase the number of lines and want to know the 
effects on membership values. 
In the beginning of the second part, we have stated that w6 assume 
that we can classify a Hong Kong people to either "a young man" or "not 
a young man".…In、question 1, we asked the subjects what factors would 
they consider, besides people's ages, when they are asked to classify 
a people to either "a young people" or "not a young people". This 
question is raised due to the same reason as in part one. In question 2 
to 4, we ask the subjects information (the maximum, the mean and the 
median) about the distribution of the age of Hong Kong people. We asked 
the maximum because we want to know whether the range and the mid-value 
have any meanings in the membership values. We asked the mean and the 
median because we want to know whether these ages could affect the 
determination of membership values. In question 5, we asked the subject 
what is' minimum ages of a Hong Kong people that he would consider the 
people as "not a young people". The purpose of this question is the same 
as that of question 2 in part 1. In question 6, twelve ages are given to 
the subjects. They are required to do the following three things : 
give the membership values for each age, 
classify a people with this age as "a young people" or "not a young 
people", 
classify a people with this age as "an'' old people" or "not an old 
people". 
The purpose of this question is the same as that of question (3) to 
(7) in part 1. We require the subjects to do the second and the third 
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thing because we want to know whether "young" is equal to "not old" and 
"not young" is equal to "old". 
In the third part, we asked the subjects about their personnel 
information such as sex and age. 
4.5.2. The Result of the Survey. 
The result of the experiment is summarized as follow: 
Part 1 
1.1) Some of the subjects replied that they would consider other factors 
when they are required to do such a classification. The factors 
include the length of other lines， the thickness of the lines. It 
is reasonable for the first factor but it is interesting that 
thickness is also a factor. Actually it is difficult to believe 
that a line can has.any thickness. 
1.2) The distribution of the minimum length of line for the subjects to 
consider it as a "long line": 
Table 6. Distribution of the minimum length. 







with mean = 6.38 cm and standard deviation = 1.14 cm. 
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From the above result, we found that in most cases the mid-value of 
length ( 5 cm ) is not the "cutting point". The "cutting point" is 
greater than the mid-value. 
1.3) The answer to this question is summarized as follow: 
Table 7. Estimated membership values of ten lines. 
membership value obtained by 
length in cm T； “ 7； “ 
direct rating 
polling 
(the mean of 13 answers) 
8.1 1 0.878 
7.8 0.923 0.831 
6.9 0.923 0.759 
6.5 0.615 0.671 
5.8 0.385 0.542 
3.7 * 0 0.300 
» 
3.1 0 0.215 
2.9 0 0.180 
2.5 0 0.138 
2. 2 0 0.116. 
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1.4) The answer to this question is summarized as follow: 
Table 8. Estimated membership values of ten lines. 
membership value obtained by 
length ih cm polling direct rating 
(the mean of 13 answers) 
9.03 1 0.942 
7.39 0.923 0.812 
6.05 0.615 0.599 
4.95 0.154 0.435 
4.06 0 0.333 
3.32 0 0.276 
2.72 0 0.220 
2.22 . 0 0.172 
‘ 1.82 0 0.129 
1.49 0 0.081. 
82 
1.5)The answer to this question is summarized as follow： 
Table 9. Estimated membership values of ten lines. 
membership value obtained by 〜、、. — 
direct rating 
length in cm polling 
(the mean of 13 answers) 
10 1 0.994 
9 1 0.925 
8 1 0.860 
7 0.923 0.753 
6 0.615 0.617 
5 0.154 0.450 
4 0 0.335 
3 . • 0 0.248 
1 
2 0 0.155 
1 0 0.061. 
/. 
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1.6) The answer to this question is summarized as follow： 
Table 10. Estimated membership values of ten lines. 
membership value obtained by 
.、、• 、 . 
length in cm polling direct rating 
(the mean of 13 answers) 
10 1 0.987 
9.8 1 0.954 
9.5 1 0.936 
9.3 1 0.919 
9.0 1 0.903 
8.8 1 0.886 
8.5 1 0.871 
8.3 1 0.858 
i 
8.0 1 0.840 
1.0 0 0.063. 
r 
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1.7) The answer to this question is summarized as follow: 
Table 11. Estimated membership values of eleven lines. 
membership value obtained by 
. � � . � . 
direct rating 
length in cm polling 
(the mean of 13 answers) 
9.73 1 0.959 
8.23 1 0.872 
6.94 0.769 0.717 
5.42 0.308 0.493 
4.91 0 0.405 
4.41 0 0.347 
2 . 8 8 0 0 .229 
2.12 0 0.168 
( 
1.03 0 0.091 
0.36 0 0.046 
0.05 0 0.011. 
From the results in question (3) to (7), we have the following findings: 
1) Polling overestimates the membership value when the membership value 
is large than 0.5 (true for question 4, 6 and 7) and underestimates 
it when it is small than 0.5 (true for question 3 to 7) when compared 
with the membership value obtained by direct rating. 
2) Among the answers of the thirteen subjects, only two of them show 
that "membership value from direct rating ^ 0.5" may not imply “the 
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answer is "yes" to the question "Is this a long line?"". The answers 
of the remaining eleven subjects show the above relation. All the 
subjects will give a "yes" answer only if the direct rating 
membership value 泛 0.5. None of the subjects decide a line as a long 
line with the、membership value < 0.5. This result seems to contradict 
our assumption. The reason of this contradiction may be ： 
a) the two subjects may not only use the two labels to describe 
the lines, e.g. they may classify a line as a "medium line". 
Then in this case, it is reasonable to find such contradiction. 
b) even they use the two labels to describe the lines, they may 
not interpret these two labels as we do. For example, for the 
label "not long", the subjects may perceive it as the same 
meaning of "medium or short". 
3) We are interested in whether the membership function is a straight 
line. Actually we have carried out a statistical test for it. Suppose 
we have 10 lines of length x , i = 1 10 and x ^ x 2： ... ^ x . 
^ i 1 2 10 
The corresponding membership values are pi (x ), i = 1,…，10 and 1 > 
A i 
^ i ^ ( x ^ ) 2： . . .M a (X i o ) > 0. Then we consider 
“A(Xi+i) - , … 。 
= X“""“ for i = 1,…，9. 
i+i 1 
If the assumption of a straight line is correct, then we will have y 
A 
= . . . = y ^ . Let z^ = y^ - y^^^ i=l, . . . , 8. We assume that these z^' s 
come from a normal distribution and use the Hotel ling T-test to test 
the hypothesis 
H : E(Z ) = E(Z ) = . . . = E(Z ) = 0 vs H : not all E(Z )'s are 
O 1 2 8 1 i 
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equal to zero. 
Suppose the a-level is 0.05. The corresponding 92.544 and we 
reject H。if T^ > T^. The results for question (3) to (7) are as 
follow: 
question 3) T这=166.43 and so H。is rejected 
question 4) T^ = 30.08 and so H。 is not rejected 
question 5) T^ = 19.47 and so H。 is not rejected 
question 6) T^ = 68.38 and so H。 is not rejected 
question 7) T^ = 246.49 and so H。is rejected. 
It seems that we cannot reject the idea that each subject's 
membership function is a straight line. 
4) We found that lines of same length may not have the same membership 
values when the other lines are different. For example, the mean 
membership value of^the line with length 5.8 cm is 0.542 in question 
3, the mean membership value of line with length 6.05 cm is 0.599 in 
question 4 and the mean membership value of line with length 6 cm is 
0.617 in question 5. This may be explained by the fact that in the 
determination of membership value, the subjects will consider not 
only the length of the line but also the length of the other lines. 
5) We may find that the membership values is frequently equal to zero by 
polling method. This may be because the number of subjects in this 
experiment is too small. / 
6) When the results of question 3 to question 6 are compared with that 
of question 7, we could not find a large difference. Thus the number 
of lines does not seem to affect the membership value. 
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Part 2 
2.1)The subjects will consider other factors when they are asked to do 
such a classification, e.g. appearance, dressing, manner, career, 
character, behavior, marital status, interest, life style, etc. It 
is interestirig to find that there are so many factors to consider 
when they are asked to do such a classification. 
2.2) to (2.5) The mean and the standard deviation for these questions 
are summarized as follow: 
Table 12. Summarized results of question 2.2 - 2.6 
Mean Standard Deviation 
2.2) 95.9 8.72 
2.3) 39.8 6.18 
2.4) 40.4 5.76 
2.5) . 33.7 3.61 
Note' that 95.9/2 = 48, 39.8 and 40.4 are much greater than 33.7. Thus 
it seems that the range, the mid-value, the mean and the median may not 
affect the determination of membership values. 
2.6)The answers of this question may be summarized as follow: 
D T o most of the subjects, "young" * "not old" and "old" t "not 
young". 
2)One of the subjects classifies a people with age 5 as a "not young 
I 
people", quite different from our irituitive sense. The reason of 
the subject is that he does not think that a baby is a young 
people. Thus, to some people, the membership function of this set 
may not be nondecreasing when we consider the whole population. 
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3) The other result resembles that of part 1 and will not be 
summarized here. 
4.5.3. An Approach to Reduce the 'bias' in Polling. 
From our -sui^vey, we found that in most cases polling will 
overestimate the membership values when they are larger than 0.5 and 
underestimate the membership values when they are smaller than 0.5 when 
compared with direct rating. In section 4.3.1.. we have tried to explain 
this phenomenon under some assumptions on the assignment of the 
membership values. In this section, we would provide a method to reduce 
the "bias", i.e. what we can do if we have estimates of membership 
values by polling method and we want to find out the corresponding 
estimates by direct rating method. 
In Turksen (1991) an4 Leung (1981), the membership value of each 
objects' is assumed to be a Beta random variable. It is reasonable as the 
range of a Beta random variable is [0,1]. Assume that the distribution 
of the membership value is a Beta distribution with two parameters p and 
q. As we have two parameters to be determined and we have only one 
equation about p and q, we need to find one more equation for p and q. 
For the direct rating data in part 1 of our survey, we found the mean 
and the variance of each membership values. Note that if z is a Beta 
[p,q] random variable, then E(z) ^ ^ ^ and Var(z) = 
. From question 3 to question 7, we have totally 
(p + q)2(p + q + 1) 
fifty-one observations of sample mean and sample variance. For each 
observation, we treat the sample values as their corresponding 
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population values and find the corresponding p and q by solving the 
above two equations and plot these (p’q)’s on the graph 肝 below： 
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From the graph, we know that usually when p Is large, then q is small 
and vice versa. Thus w经 suspect that the relation between p and q can be 
1 1 
formalized as either pq is a constant or + is a constant. From 
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the histograms of these pq and + - — , the latter one appears to be 
more plausible. 
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Assume + = c say. We estimate c by the mean of the fifty-one 
— ^ + — I t gives c = 0.5. 
P q 
We have assumed that fi (x) = Pr(Beta(p,q) a： 0.5), where n (x) is 
A, 1 A,1 
the membership value obtained by polling method. Therefore for any given 
polling value, we can find (p,q) such that + = 0 . 5 and u (x)= 
P q 〜 1 
Pr(Beta(p,q) ^ 0.5). Then the improved estimate of the membership value 
will be (p + q)' For example, with fi^ ^(x) = 0.615, we can find out 
that we need p = 4.434, q = 3.643 and so the improved estimate will be 
(p ^ q) = 0.549. From the result in part 1 in our survey, we have the 
following estimated membership values b}f polling, jn (x), 0.923, 0.769, 
A, 1 
0.615, 0.385, 0.308 and 0.154. We have discarded the membership values 
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of zero and one as this approach fails in this cases. The following is 
the summary of this approach ： 
Table 13. Summarized results of improved estimate for 1/p + l/q = 0.5 
. “ . . 
Direct r^  … 
Rating Polling Improved estimate 
0 831 一 
0 . 8 1 2 
O.75| 0.923 0.714 
0.717 0.769 0.620 
0.615 0.549 
0 . 5 4 2 0.385 0.451 
0.493 — 0.308 0.417 
0 . 4 5 0 
0 . 435 0. 154 0. 339 
The first column is the estimated membership values obtained by 
direct rating. The second column is the estimated membership values 
obtained by polling while the last column is the estimate of the 
membership value from the above approach. You may note that the above 
result may not be so good but it may be due to the small number of 
subjects involved in the survey. With the above result, we have done the 
following in order to check whether this poor performance is due to this 
approach or due to the small number of subjects: 
Suppose for estimated membership value by direct rating， fi ( x ) = 
A, 2 
0.450 and the corresponding estimated membership value by polling, 
( 
II (X) = 0.154. We have the improved estimated membership value, 
A, 1 
1 1 
IX (X) = 0.339. We will assume ——+ ——=0.5 in the following. � 3 p q � ^ 
1 1 
For ~ ~ ^ = 0.45 and ——+ ——=0.5, we find that p = 3.64 and q =4.44. 
P + q P q 
Let V = Pr [Beta(3.64, 4.44) 2： 0.5] = 0.3822. Then 1 - v^^ - (1 - v)^^ = 
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0.998086 s D. Let Y be the number of subjects classified the line as a 
long line. Excluding the cases when Y = 0 or 13, we find the 
distribution of Y as follow: 
Table 14. Distribution of p' 
corresponding corresponding Corresponding 
Y polling value, p’ such that probability 
Pr[Beta(p’ ’q’ 2： 0.5)] 
= v2. 
1 Y + 13 2.801 C - v)i2 
X O X 
一 _ 
=0.07692 二 0.015390 
2 Y + 13 3.025 , C - v ) " 
D 
=0.15385. = 0.057126 
3 0.23077 3.228 0.129583 
4 0.30769 3.430 0.200416 
5 0.38462 3.643 0.223176 
6 0 . 4 6 1 5 4 3.875 0.184089 
7 0.53846 4.134 0.113886 
8 0.61538 4.434 0.052842 
9 0.69231 4.796 0.018161 
“ ^ 0 . 7 6 9 2 3 5 . 2 5 7 / 0.004494 
U 0 . 8 4 6 1 5 5.901 0.000758 
1 2 0 . 9 2 3 0 8 6.993 0.000078 
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From the above table, we can find the expected value of p, ’ E ( p , ) = 
3.6690, = 0.27597 and ECfi) = 1 - 2E(-^) = 0.44806. Moreover we 
f y 
can find Pr(ji E(|i)) = 0.403 ( = Pr p, s ~ — — — = P r ( p, 3.624)= 
� 
〜、， ¥ V p, / 
0.01539 + 0.05713 + 0.12958 + 0.20042 ). We will summarize the result as 
follow: 
Table 15. Characteristics of u for -i- + = 0.5 
P q 
Direct Polling E(fi) Bias(M) Pr[M rs ECji)] 
0.831 0.923 0.714 0.713 -0.118 0.020 
0.812 0.711 -0.101 0.044 
0.759 0.703 -0.056 0.191 
赛 
0.753 0.701 -0.052 0.216 
0.717 0.769 0.620 0.688 -0.029 0.392 
0.671 0.615 0.549 0.662 -0.009 0.645 
0.617 0.618 0.001 0.379 
0.599 0.601 0.002 0.501 
0.542 0.385 0.451 0.544 0.002 0.428 
0.493 0.308 0.417 0.493 0.000 0.546 
0.450 0.153 0.339 0.448 /• -0.002 0.403 
0.435 0.433 -0.002 0.505 
Thus we found that the poor performance of this approach may be due to 
the small number of subjects involved. 
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4.5.4. Advice to Researchers. 
In the past, few researchers had conducted surveys or experiments to 
estimate the membership values of certain fuzzy set. In this section, we 
would like to point out points that are important in the survey. 
Before the survey 
1) The researchers must decide the fuzzy set according to their 
interests. For example, when a researcher is interested in a fuzzy 
set about classification of lines, he must decide whether the 
fuzzy set is the set of ”long line" or the set of "short line" or 
something else. 
2) After the researchers have decided the fuzzy set, he must define 
the universe .of* discourse clearly so that every subject 
i 
understands what the set is. For example, in considering the set 
of "young man", it is better for the researchers to clarify what 
this set refer to. Does this set include only male but not female? 
Does this set include people from all country, or Just include 
people in one country? The researchers must define the universe 
of discourse clearly so that there will be no ambiguity. 
3) Whenever a researcher uses questionnaire or shows some figures to 
i i, 
the subjects, it is better for 'the researcher to introduce 
elementary fuzzy set theory to the subjects. Moreover, the 
wordings need to be careful. The subjects may find it difficult to 
understand the researcher's instructions in these kind of surveys. 
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4) The researchers have to choose their subjects carefully. The 
choice of the subjects highly depends on the aim of survey. If 
the researchers want to estimate the membership values of certain 
fuzzy set of general public, it is better for them to choose 
people with different background. It is reasonable to believe that 
the membership values of fuzzy set are nearly the same if their 
ages, educational level and life styles are the same. 
5) The researchers have to choose the fuzzy set carefully. In some 
fuzzy set, the attribute is bounded but it may not be so for other 
fuzzy set. The attribute is bounded or not is important as it is 
an assumption for certain interpretation of membership values 
(see Turksen (1991) and Norwich and Turksen (1984)). 
During the survey • 
1) The duration of the survey must not be too long. It must be ended 
before the subjects feel boring. 
2) In the case of questionnaire, it is better for the researchers to 




Chapter 5. Discussion. 
Fuzzy set theory is a new theory, that has an history of only thirty 
years. Thus it is reasonable that many parts of this theory are not 
we11-developed yet. Many parts raise the interest of researchers and so 
many papers are published each year on fuzzy set theory. In this thesis, 
we have tried to discuss the interpretation and estimation of the 
membership function. We want to view the aspects of the membership 
function in a statistical sense, an approach that is seldomly found in 
current literatures on fuzzy set theory. 
For the interpretation of the membership function, we found that many 
interpretations exist. All of them are reasonable but there is not an 
interpretation that is accepted by all researchers. Each of the 
interpretation is suitable in some circumstances but not in all. 
However, we found that many interpretations are related to the 
interpretation of probability theory. It is reasonable as both theory 
are used in case of impreciseness. Perhaps we can foresee the 
development of fuzzy set theory according to that of probability theory 
in the past. The operations on probability theory may be used as a guide 
on the operations on fuzzy set theory. For example, when we consider the 
union or intersection of two fuzzy events, perhaps we need to know not 
only the “ individual distribution" of each of them but also their "Joint 
distribution". Here, we have no idea or/ the determination of "Joint 
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distribution" of two fuzzy events; perhaps we need to take care of the 
relation of the two fuzzy events, but we believe that using "Joint 
distribution" of two fuzzy events is more reasonable to using Just 
maximum and minimum in case of union and intersection of two fuzzy 
events. For the Interpretation of the membership function, perhaps in 
the future it will be divided into many classes, Just like the 
phenomenon that the interpretation of probability theory is divided into 
many classes. 
For the estimation of the membership function, we found that there is 
no estimation procedure that is universally accepted by all researchers. 
It is reasonable as estimation procedure is closely related to the 
interpretation. We cannot expect to have an universally accepted 
estimation procedure when there is no universally accepted 
interpretation. . 
Among the currently used estimation procedures, direct rating is the 
most frequently used one. It is reasonable as we believe that the 
membership function is subjective in nature and so the most intuitive 
way to estimate it is to ask the subject to tell us the membership 
value. Polling is the second most frequently used one due to its ease of 
computation. Past researchers have already noted that the result of 
these two procedures are different but they had not given any reason. We 
/ 
have given one Justification of the difference under certain reasonable 
assumptions. Set-valued statistics and reverse rating are the other two 
frequently used estimation procedures. We have connected polling and 
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set-valued statistics and so we expect that the result of set-valued 
statistics will be different from that of direct rating, similar to that 
of polling. For the reverse rating, most researchers think that it can 
be used as a check of the result only. However, we think that the 
Information from reverse rating is more than that from set-valued 
statistics and so it can be used as an estimation procedure by itself. 
We believe that each of the four methods obtains different information 
about the membership function. So we need to know what information does 
each method get before we do the estimation. 
For the survey, we think that the most interesting result is that 
subjects do not consider the length and the age only when discussing the 
membership function of the set "long line" and “young people". This 
phenomenon increases the difficulties in the estimation of the 
membership function. Moreover the result that "young"本"not old" and 
"not young"本"old" also advices us to choose the fuzzy set clearly in a 
survey or experiment. 
At last we want to conclude that the interpretation and estimation 
procedure of the membership function are not we11-developed. We need to 
develop the interpretation first. We have not done enough on this part 
in this thesis, but we believe that we can borrow the idea from 
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在 古 典 银 合 理 論 中 ， 一 元 素 R 可 以 厲 於 或 不 腐 於 一 澳 合 中 。 但 是 在 曰 
常 生 活 中 有 很 多 現 象 都 是 古 典 银 合 理 論 所 不 能 解 釋 ， 於 是 便 有 丨 I I 糊 撫 
合 理 論 的 產 生 0 在 這 理 論 中 ， 一 元 素 是 可 以 部 份 地 簡 於 一 银 合 中 ， 而 
臞 於 的 程 度 便 S 由 辣 瓶 函 敗 所 代 表 。 通 常 如 果 一 元 素 的 》 » 函 數 的 值 
是 零 的 括 ， 那 便 代 表 它 不 颶 於 道 银 合 ； 如 果 一 元 索 的 球 W 函 數 的 丨 直 是 
一 的 结 • 那 便 代 表 它 完 全 W f i t 道 澳 合 ： 如 果 一 元 累 的 》 « 函 數 的 值 是 
零 至 一 的 任 何 數 字 的 话 ， 那 數 字 便 代 表 道 元 索 雇 於 谊 第 合 的 程 度 。 
這 份 間 卷 是 希 望 探 宠 常 一 個 人 通 到 一 些 f M 糊 棋 合 （ 例 如 ： 長 说 ， 短 娘 
, 年 輕 的 人 ， 年 老 的 人 等 ） 時 ， 他 是 合 如 何 决 定 這 些 集 合 的 辣 瓶 兩 數 
： 0 
‘ 第一郎份：ItJyaJlLi^ 罕 探 索 存 一 
些 iS 對於「m 说 I i^mttum^yiyiM^/ff. is 
的 甚 度 搔 在 O c m g 〗 Of^m.而曰邦們银.宙一临ts 口可 
M 被 為 一 條 再 t s g g — 條 不 再 的 说 > > 
« 
1 ) 如 果 你 要 决 定 一 丨 g • 掠 是 不 是 一 條 摄 娘 的 話 ， 除 了 它 的 長 度 外 ， 你 
‘ 舍 不 舍 考 I t 其 它 因 素 ？ （ 辅 以 一 表 示 你 的 堪 丨 軍 ） 
合 ( t n列出 ) 
不畲 
2 ) 骑 問 你 绍 為 最 少 多 長 的 線 才 算 是 一 條 畏 掠 而 不 是 一 條 不 畏 的 掠 ？ C m 
( r m S 1 n r m l 
( 3 ) — ( 6 ) 越 部 舍 列 出 土 , 諸 你 1 
. 1 ) 以 z 表 示 你 1 8 為 他 們 那 條 在 這 士 J ^ 當 中 其 是 一 條 畏 線 ， 那 條 不 算 是 一 條 畏 線 。 
2 ) 在 右 面 通 笛 位 置 上 W 下 一 個 X 符 號 以 表 示 你 沾 為 這 一 條 線 在 所 列 i h J L 说 中 是 一 條 
長 線 的 程 度 。 
0 表 示 你 認 為 埴 一 條 掠 姐 對 不 是 一 條 長 掠 ， 
1 表 示 你 纽 為 這 一 條 線 絕 對 是 一 條 畏 線 ， 
0 — 1 之 間 的 位 置 衷 示 追 一 條 線 是 一 條 畏 線 的 程 度 。 
3 ) ‘ 1 2 
是 0 .5 1 
-i . f 
I ‘ ‘ ‘ • I 11 1 I I I I I 11 
» . I I I I I I I • I I I 
I — I I I t I I I I — L J L - J 
. — — — I » I • I. . I _ I I I 
i I I I t I I I I I • I 
； — — — — _ _ I I I I I I I LJ-JL-J 
I — — — I I I I I I I I t I I 
I — — I I I » ' I I I I ' 
！ I ' ' ' I ' ' ' ' • I 
” • I I I. J < I I I I I 
0 2 4 6 8 10 
^ , • Length in cm 
( 于 r ; (6)—题都舍列出dLMJs.詢你 
纟 ； 二 ？ 监 長 掠 ’ 那 條 不 算 是 - 條 長 掠 。 
畏 拔 個 X 符 號 以 表 不 你 為 這 一 條 線 在 所 列 士 i 惊 中 是 — 條 
• 表 示 你 認 為 這 一 條 掠 绍 對 不 是 — 條 畏 線 
1 表 示 你 紐 為 谊 一 條 掠 紹 對 是 一 條 畏 谅 ， 
0 — 1 之 間 的 位 H 衷 示 植 一 條 掠 是 — 條 k 娘 的 程 度 。 
4 ) 
— 1 P 
~一 — — S J U U a . 0 .5 1 
I - i — — - ! J 
I . 一 • 丨 丨 -
. — .1, - « < • I-1 l i l t , 
‘. “‘“ - . ‘ ‘‘‘• ‘ I • I I I , 
( . *__丨 •- — I• I I , I t , I •, 
-—“ ‘ t- ‘ ‘ I I ‘ I • • I t 
"‘ I • I 書 I _ f • • I , 
‘ I I . » • I ' ' I ' ' ' , I 
... - t-' '''''' 1 I , 
' •' ' I ' I • ' 1 t , 
- ''''''''II, 
0 2 ‘ ^ 
6 8 10 
‘ 5 f Length In cm 
1. 2 
— Sl^JSL 0 .5 1 
‘ .. "“ t-J I I I I t I , . , 
- ''I • • t • I • r f 
‘ _ ' ' ' ' ' ' ' f ' I , 
- ‘ I I I 管 I I • I • l._J 
• I. — — — ' ' I ' I t t I J 
•“ ' ' ' ' ' t ' • ' I I 
'•,丨丨 . '• ' ' ' ' ' I ' I I I 
• I ' ' ' ' I I I I I I -I 
丨丨. ' ' ' ' ' I I I I 
„ —I L-J-J-i '111.1, 
° 2 今 6 8 1 0 
6 , Length in cm 
. 2 
0 .5 1 
————11,, ‘ i 
''''''••!• I 
. “ ' ' I ' ' ' ' ' I I 
‘ _.._ " " " " " " ‘ ‘ ‘ • ‘ ‘ ‘ ‘ f I I 
- ‘ ‘ ‘ ‘ ‘ I • ‘ ‘ ‘ t 
. ‘ “ ‘‘• ‘ I I I I I I .1 
IIZIIIIIX3"" ''''I'll .I-J-4 
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站 二郞份： i ^ i l L份是希望探常 milJ03LHAaJMJ6LJmL_Lig_M 
人 • 非 年 料 人 ） . 我 們 如 何 介 帘 一 個 j g 进 人 搭 一 阔 
k 招 1 -成 # 餘 jg A , 
1 ) 如 架 你 要 決 定 一 個 番 港 人 是 不 楚 一 個 年 輕 人 ， 除 了 他 的 年 齡 
外 ， 你 舍 不 合 考 I t 其 他 因 索 ？ U I 以 示 你 的 避 擇 ） 
合 ( m 列 出 ） 
不會 
2 ) g 力 i m 在 你 心 目 屮 番 沿 人 的 尔 的 分 佈 是 山 0 齒 至 烛 歳 ？ m 
V ‘ 3 ) S杳問在你心 l E i屮番港人的中位餓數（ m e d i a n a g e )是幾歲？ 觀 
4 ) 冏 在 你 心 因 中 番 港 人 的 平 均 餓 敝 （ m e a n a g e )是幾餓？ ^ 
5 ) 销 冏 鼓 低 限 度 多 少 餓 數 的 人 你 才 會 边 為 他 是 一 個 非 年 輕 人 而 
不 是 一 個 i p 輕 人 ？ 歲 
6 ) 下 列 是 十 二 個 番 • ^ 人 的 歳 數 ， m 你 在 下 而 m 當 的 位 置 上 
, 1 ) S i j下一個 X符號以表示你認為這一個人逛 i f .輕人的程度。 
0 表 示 你 認 為 這 一 個 人 姐 對 不 逛 一 個 年 輕 人 ， 
1 衷 示 你 認 為 這 一 個 人 絕 對 楚 一 個 � 丨 二 m人， 
0 一 1 之 間 的 位 置 表 示 這 個 人 是 一 個 年 輕 人 的 程 。 
2 ) 削 下 一 個 以 表 示 你 認 為 這 一 ® 人 进 一 個 年 輕 人 j q 丨 或 是 非 年 輕 人 。 
3 ) 则 下 一 個 Z 以 衷 示 你 認 為 道 一 個 人 是 一 個 老 年 人 丨 q i 或 是 非 老 年 人 。 
1 3 
0 5 1 年 輕 L 非年幸？人 老尔人 非老年人 
。 5 I I I I I i_|」」_i_< 
. 1 5 I I I I ( I I I I I I 
2 5 I . I I I I I . I I I — — 
3 5 I I I I I I t I I I I 
4 5 I I I I • I I .-M-J “ 一 
5 5 I I I t 1 i t I I I I 一 . ___ 
； 6 5 I I I I I I I I .i-t-j 
、 7 5 t I I I I I I I I i__i 
‘ 8 5 I I I 1 I I I I t i_j J 
9 5 I I M I I Li_uJ_i f _ — 
. 你 心 目 屮 的 屮 位 齒 數 ‘ _ _ 一 
你 心 U 屮 的 平 均 歲 數 I I . I M U 丄 一 __ 
— — 第 二 郎 份 完 一 一 
第 三 郎 份 ： 倘 人 資 抖 
1 ) 姓 別 ： M J / 女 
2 )年:时： m 
— — M 三 郎 份 完 - -
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